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Preface 


The study of algebraic curves and surfaces is very classical. Included 
among the principal investigators are Riemann, Picard, Lefschetz, Enriques, 
Severi, and Zariski. Beginning in the late 1940s, the study of abstract (not 
necessarily algebraic) complex manifolds began to interest many mathe- 
maticians. The restricted class of Káhler manifolds called Hodge manifolds 
turned out to be algebraic. The proof of this fact is sometimes called the 
Kodaira embedding theorem, and its proof relies on the use of the vanishing 
theorems for certain cohomology groups on Káhler manifolds with positive 
lines fundles proved somewhat earlier by Kodaira. This theorem is analogous 
to the theorem of Riemann that a compact Riemann surface is algebraic. 

This book is a revision and organization of a set of notes taken from the 
lectures of Kodaira at Stanford University in 1965-1966. One of the main 
points was to give the original proof of the Kodaira embedding theorem. 
There is a generalization of this theorem by Grauert. Its proof is not included 
here. 

Beginning in the mid-1950s Kodaira and Spencer began the study of 
deformations of complex manifolds. A great deal of this book is devoted to 
the study of deformations. Included are the semicontinuity theorems and the 
local completeness theorem of Kuranishi. There has also been a great deal 
accomplished on the classification of complex surfaces (complex dimension 
2). That material is not included here. 

The outline is roughly as follows. Chapter 1 includes some of the basic 
ideas such as surgery, quadric transformations, infinitesimal deformations, 
deformations. In Chapter 2, sheaf cohomology is defined and some of the 
completeness theorems are proved by power series methods. The de Rham 
and Dolbeault theorems are also proved. In Chapter 3 Kahler manifolds 
are studied and the vanishing and embedding theorems are proved. In Chapter 
4 the theory of elliptic partial differential equations is used to study the 
semi-continuity theorems and Kuranishi’s theorem. 

It will help the reader if he knows some algebraic topology. Some results 
from elliptic partial differential equations are used for which complete 
references are given. The sheaf theory is self-contained. 

We wish to thank the publisher for patience shown to the authors and 
Nancy Monroe for her excellent typing. 


James A. Morrow 
Seattle, Washington Kunihiko Kodaira 
January 1971 
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Definitions and Examples 
of Complex Manifolds 


P Holomorphic Functions 


The facts of this section must be well known to the reader. We review 
them briefly. 


DEFINITION 1.1. A complex-valued function f(z) defined on a connected 
open domain W © C" is called holomorphic, if for each a = (а;, ···, a,) є W, 
f(z) can be represented as a convergent power series 
+ со 
Ск, (21 a а,)“ M (z, S а,)“ 
k1z 00, К 20 


іп some neighborhood of а. 


REMARK. If p(z) = Ус... (z; — aj)" *** (z, — а,)“" converges at z = w, then 
p(z) converges for any z such that |z, — a,| < |w; —a,| for l <k <n. 


Proof. We may assume a = 0. Then there is a constant C > 0 such that 
for all coefficients с... у, 


|с, -kn wi! и уук" | < С. 


Hence 


k 
le a Z$ zr < С 


(1) 


If |z;/w;| < 1 for 1 < i € n, (1) gives 


n 
ЭУ l6 pongo zi ee ze TI 
-1 


І 


< +0. Q.E.D. 


2 DEFINITIONS AND EXAMPLES OF COMPLEX MANIFOLDS 


We have the following picture: 


HE 


Figure | 


Q is the region {z| |z,| < |w,| i < n}. 
For convenience, we let 


P(a,r) = {z| |z, —a,|<r,, v=1,-°°, п). 


Sometimes we call P(a, r) a polydisc or polycylinder. A complex-valued func- 


tion f(z) = f(x, + iy, ox iy), where i = — 1 can be considered as a 
function of 2n real variables. Then: 


DEFINITION 1.2. А complex-valued function of и complex variables is con- 
tinuous or differentiable if it is continuous or differentiable when considered 
as a function of 2n real variables. 


We have: 


THEOREM 1.1. (Osgood) If f(z)-f(z,,*-:,z,) is a continuous function 
on а domain W © С", and if f is holomorphic with respect to each z, when 
the other variables z; are fixed, then f is holomorphic in W. 


Proof. Take any a e W and choose r so that P(a, r) x W. We use the 
Cauchy integral theorem for the representation for z e Р(а, г) 


1 f(w1, 22.777. Zn) 
jose] Tt TP dw, 
i "M 2тї [м = а | =, Wi1 2} ; 
1 f(w1, W2, 23,777. Za) 
SW zi. n) zl ca dw, 
| ' * 2лі |w2-a2| 7r2 W2 — 22 


and so on. 
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Substituting we get 


= (52) | 


We are assuming 


Я! f Qvi. Wn) 
| 


et ag мер. 
Мп ün| 7 fn (w, m Zi) ub (Wn = Zn) | 


wi-aij|-2nri 


Hence the series 


oOo 1 «| | 1 
w,—z, (и„—а,)+(а,—2,) _ ] — (z, — a,/w, — a,) W,— а, 


1 о dz 
ПАС 
у v/ k=0 NW, а, 


converges absolutely in P(a, r). Integrating term by term we get 


Ла) = Y a, а-ай“ Gi ад”, Q) 
where 
А (zz m fiw, cw) dw, +++ dw, 
ki n 2i] Wi a erm elas LS a aay 
Then 
ki пі — TEE, 


where M = sup(l//(w)| |w e P(a, r)}. It follows that the representation (2) for 
f(z) is valid for z e P(a, ғ) and hence the theorem is true. 


We now introduce the Cauchy-Riemann equations. Let f(z) be a differen- 
tiable function on domain О є C". 


DEFINITION 1.3. The operators 0/0z,, 0/[0z,, 1 € v € n are defined by 


of (52 | 2), 


=; {(——— 


ag, 2\ax, ду, 
4 LI i 
0z, 2\дх, ду? 


where 2, = x, + iy, as usual. 


4 DEFINITIONS AND EXAMPLES OF COMPLEX MANIFOLDS 
Let f(z) = u(x, y) + iv(x, y). Then 


Of l E ‚ Ov (> 5 
SS | ee ee —— 
Ox Ox y 


1 E Ov x if " =) | 

»2|óx ду Ox ду/\ 
So, 07102 = 0 if and only if ди/дх = dv/dy and dv/dx = —– ди[ду (the Cauchy- 
Riemann equations). 


REMARK. If 0//02 = 0, then df/dx = df/dz, where df/dx = du/dx + i(dv/Ox). 
The following calculation verifies this: 


of | ‚ Ov (> | =) 
cau a eet як 
02 2 |дх дх ду ду 


ЕЗЕНГЕ zl 
=O lox de^ Nox dx 


THEOREM 1.2. Let f(z) be a (continuously) differentiable function on the 
open set О © C". Then f(z) is holomorphic if and only if 2/02, 2 0, i v <n. 


Proof. This follows easily from Osgood's theorem and the classical 
fact for functions of one complex variable. We need another simple calcula- 
tion. From now on differentiable will mean having continuous derivatives 
of all orders (С°). 


PROPOSITION 1.1. Suppose f(w)-2/f(w,,:::,w,) and g,(z) 1€ 4A € m are 
differentiable and such that the domain of f contains the range of (g,, ^7, g,) 
= g. Then f[9gi(z), °°, Gm(Z)] is differentiable and if w,(z) = g,(z), 


f= У x (3) 
02, л \ди, Oz, ôW, 02, 
y 5 (Som, 07 от) " 
Oz, x2=1\dw, Oz, | OW, Oz, 


Proof. All statements follow trivially from the chain rule of calculus. 
For punishment we calculate (3). Let w, = и, + iv, = g,(z). Then 


lg) e of ди, f av, 


д2, i A=1 ди, д2, до, д2, 


3 
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Making the substitutions, 
1 = | _ 
u,==(9,+ J1), v, = (94 — Ja), 
2 2i 


we get 


FJ _ т | of 1 (5 на) 
ðZ, t (ди, 2 Oz, д2, 


08-09 

ду, Mi] 092, д5, 

2 | a EAE, 
a= (2 \ди, P 02 


1 ( of 2) 2 
lt БЕЙ |. 


which gives (2). 


CoROLLARY 1. If f(w) is holomorphic in w and if w = g(z) = [9,(2), ··°, 
9„(2)] where each g,(z) is holomorphic in z, then f [9(z)] is holomorphic in z. 


COROLLARY 2. The set Op of all functions holomorphic on О forms a ring. 


In order to study complex manifolds we must consider holomorphic 
maps. Let U be a domain in C" and let f be a map from U into C", 


f(z, е, Zn) = LAG), | Fale): 


DEFINITION 1.4. fis holomorphic if each f, is holomorphic. The matrix 


Ф... Sm 

OZ, Oz, 

= (4) 

д7, à=], т 
of ‚.. Of, iiber 
02, 02, 


is called the Jacobian matrix. If т = п, the determinant, det(0f,/0z,) is called 
the Jacobian. Writing out the real and imaginary parts и, =u, + iv, = ў, 
2, = X, + iy,, we have 2n functions u}, v, of 2n real variables x,, y,. We 
write briefly 


sr] at " _ ди) 
д(х |, po "`` sas Va) 0(х, y) 
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REMARK. If fis holomorphic, д(и, v)/O(x, у) = |det(df,/dz,)|? > 0. 


Proof. We write it out for n = 2 and leave the general case to the reader. 
We use the Cauchy-Riemann equations and set a,, = Ou;/Ox, = Ov;lOy, , 
b,, = dv,/dx, = – ди,[ду,. Then 


ди, 9v, ди, 0v; а! ү b,, a12 b, 
Ox, Ox, OX, Ox, 

—b, a, -—b, a, 
Qu, Ov, ди, др, |= ; ; 
mcs Wc acc jT a a 
ду, Oy, ду, Oy, 21 021 22 922 
—bj; а, -—5b; а, 


We perform the following sequence of operations: Multiply column 2 by i and 
add it to column 1; do the same with columns 4 and 3. Then multiply row 1 
by i and subtract it from row 2; do the same with rows 3 and 4. Making use 
of the fact that g,, = 0/,/02, =a,, + ib,,, we get 


911 912 * 
olu, v) _ 921 922 * id — |det(g dl’ 


A(x, y) 0 0 gu 912 
0 0 Jan G22 


by interchanging columns 2 and 3 and rows 2 and 3. Q.E.D. 


THEOREM 1.3. (Inverse Mapping Theorem) Let f: U С" be a holomor- 
phic map. If det(0f,/0z,)|, -.,, # 0, then for a sufficiently small neighborhood N 
of a, f is a bijective map N — f(N); f(N) is open and f |, м, is holomorphic 
on f(N ). 


Proof. The remark gives O(u, v)/O(x, y) Æ 0 at a. We then use the inverse 
mapping theorem for differentiable (real variable) functions to conclude that 
f(N) is open, f is bijective, and f~' is differentiable on f(N). Set (и) = 
f (и); then z, = ф„[/(2)]. Computing, 

0z, ^ др, д, дд, 0f, 


О = = рам. HEN. 
д2, p» ôw, ôZ, Ow, OZ, 


_ у дә, he 


Е А = | Ow, д2, 


But det(0f,/0z,) = det(0f;/0z,) # 0. So by linear algebra, dy,/dw, = 0 and 
ф —f !is holomorphic. Q.E.D. 
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COROLLARY. (Implicit Mapping Theorem) Let f,, A= l, +-+, m be holo- 
morphic on U € С". Let rank (0f;/0z,) = r at each point z of U and suppose 
in fact that det(0f,/0z,); <, # 0. If f; (a) = 0 for 4 € m for some ae U, then in 


ver 
a small neighborhood of a, the simultaneous equations, 


fa, "**, 2,5 Zrt]1» PO ey Zn) = 0, 


have unique holomorphic solutions 


Z, = Ф\(7„+\, АГ À <r. 


For more details in this section one may consult Dieudonné (1960). 


2. Complex Manifolds and Pseudogroup Structures 


We assume given a paracompact Hausdorff space X which will also 
generally be assumed connected. We want to define what we mean by a com- 
plex structure on X (or structure of a complex manifold) which will be an 
obvious generalization of the concept of a Riemann surface. First we want 
to assume X is locally homeomorphic to a piece of C". 


DEFINITION 2.1. By a local complex coordinate on X we mean a topological 
homeomorphism z: p > z(p) є C" of a domain U € X. z(p) = [z!(p), +--+, z"(p)] 
are the local coordinates of X. 


DEFINITION 2.2. By a system of local complex analytic coordinates on X 
we mean a collection {Z;}jer (for some index set /) of local complex co- 
ordinates z;: U; + C" such that: 


(0: esu. 


jel 
(2) The maps f;,:z,(p) ^ 2(р) are biholomorphic [that is, z; o др! = 
fj and fj'!-z,»z;' are holomorphic maps from z,(U;o U,) onto 
z(U; ^ U,)] for each pair of indices (j, k) with U; ^ U, Æ ф. 


DEFINITION 2.3. Two systems (z;j;j,;, {и}, л are equivalent if the maps 
z (p) > w,(p) are biholomorphic when and where defined. 


DEFINITION 2.4. By a complex structure on X we mean an equivalence class 
of systems of local complex (analytic) coordinates on X. By a complex mani- 
fold M we mean a paracompact Hausdorff space X together with a complex 
structure defined on X. 
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EXAMPLE. Complex projective space P”. This is constructed from 
C"*' — {0} by identifying (p ~ q)p = (p°, p', :-:, р") and q = (9°, ---, q”) if 
and only if p^ = сд? for some nonzero c e C, for 0 <A n. Then P^ = C"*! — 
{0}/~ is a compact Hausdorff space and one can construct a system of com- 
plex coordinates as follows: We let U; — (pe P^|p/ z 0}. Then {Uj}, <, 1S an 
open covering of P^. On U; the map z; = (z;°, +++, 247", z/*', +++, z^), where 
z^ = p*/p’ gives a local coordinate on U;; in fact, 2(0,) = C". Then 
Fini 2 2; is given by 27 = 24/21 for A#k, z$ = 1/21. (One simply multi- 
plies by p*/p/.) Thus we see that (U;, z,} is a complex analytic system defining 
a complex structure on Р". 


Generalizing this procedure we introduce the idea of a pseudogroup 
structure. All spaces will be Hausdorff in what follows. 


DEFINITION 2.5. A local homeomorphism f between two spaces X and Y isa 
homeomorphism of an open set U in X to an open set f(U) in Y. One has a 
similar definition of local diffeomorphism. A local homeomorphism (diffeo- 
morphism) of X is such a map with X — Y. 

Let 9 be a domain of R” or C". Let f and g be local diffeomorphisms of 9. 
If open WC 8, f| W denotes f restricted to W which is the restriction of f to 
domain ( f) ^ W. If W is some open set such that g is defined on W and 
W ^ f(U) £ ф, then g ofis defined on f^ [И n f(U )]. 


f(U) 


g(W) 


\ 


f 'IWnf(U)) 


Figure 2 


DEFINITION 2.6. A pseudogroup of transformations in 9 is a set Г of local 
diffeomorphisms of 9 such that 


(1) feT—f er. 

(2) feI,gel-gofeFI where defined. 

(3 fel =>f|WeT for апу open Wc 9. 

(4) The identity map id e T. 

(5) (completeness) Let f be any local diffeomorphism of 9. If 8 = U U; 
and f| О, € Г for each j, then /є Г. 
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DEFINITION 2.7. Let Г (a pseudogroup on 9) and X (a paracompact Haus- 
dorff space) be given. By a system of local l'-coordinates we mean a set 
{z;};., of local topological homeomorphisms z; of X into 9 such that 
Zjo z; | € Г whenever it is defined. {и} and (z;) are equivalent (l-equivalent) 
if w° z;' є Г when defined. A I-structure on X is an equivalence class of 
systems of local Г-соогатаїеѕ on X. A l'-manifold is a paracompact Haus- 
dorff space X together with a l'-structure on X. 


EXAMPLES 

1. д= С", Г, = (all local biholomorphic maps of C"). Then a T ,-struc- 
ture is a complex structure, and a [l -manifold is a complex manifold. 

2. 9= R", T, = (all local diffeomorphisms of К"). Then a I,-structure 
is a differentiable structure and a [I -manifold is a differentiable manifold. 

3. Let Г be the set of a local diffeomorphism f of R^" satisfying the 
following condition. The matrix (£,,) will be defined to be 


0 —1 


where the blocks (°~ į) occur on the diagonal and the rest of the entries are 
zeros. If x = (x!, ---, x7") e R^", f(x) = [fiG3, °°, f, (xX)] then the derivatives 
of f should satisfy 


y E Of fy 
ita 0 др дх P 
А system satisfying Example 1 is called a Hamiltonian dynamical system, 
and such an f is a canonical transformation. Їп this case a l-structure is 
called a canonical structure. 
4. Let Г = (local affine transformations of К"). These transformations 
have the form 


P(x) = Lax b’, 
у= | 
where the a’, b^ are constants and the matrix (а^) is nonsingular. In this case 
a ['-structure is called flat affine structure. 
If pseudogroup structures Г, and Г, are such that Г, c F., then every 
system of local Г, coordinates is a system of local Г, coordinates, and Г, 
equivalence implies Г, equivalence. Hence, every [ -structure determines a 
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l,-structure. By assumption Г с Г, for all Г. So every T-structure on X 
determines а differentiable structure on X and every [l -manifold is a differen- 
tiable structure on X and every [ -manifold is a differentiable manifold. The 
I'-structure M is defined on the differentiable manifold X. 

The problem of determining the I-structures on a given differentiable 
manifold M for given Г is one of the most important (and difficult) problems 
in geometry. It is known, for example, that if X is a compact orientable 
differentiable surface (real dimension 2), then the only complex structures on 
X are those of the classical Riemann surfaces. In case X = S? (as a differen- 
tiable manifold), then X = P! complex analytically (this is a classical fact). 
If the underlying differentiable manifold X is diffeomorphic to P", then one 
conjectures that X — P" complex analytically [see Hirzebruch and Kodaira 
(1957)], and Kodaira and Spencer (1958). If S?" is the sphere with its usual 
differentiable structure, it can be shown [Borel and Serre (1953) and Wu 
(1952)] that S?" for n # 1,3 has no complex structure 


2п + 1 
[$^ = (Qs Хәл) bj xj, (1, 77 Xanga) € no 
i=2 


For S? there is the usual complex structure. It has been recently proved by 
A. Adler (1969) that S? has no complex structure. As a final example, let M 
be a compact surface and let Г” be the pseudogroup of all local affine 
transformations. 


X, 4X, + 4,4 X? + b,, ps2 
such that 
a a 
11 12 > 0. 
A21 422 
We have: 


THEOREM 2.1. [Benzecri (1959)] If a ['*-structure exists on M, then the 
genus of M is 1. If M is not a torus, then M cannot be covered by any system 
(Qe. х7)} of local coordinates such that lox /8x;| is constant on U; A О, 
for each pair of indices ( j, k). 

The proof will not be given here. 

We continue with the definitions. Let M be a complex manifold, W an 
open set in M, and {z;} a coordinate system. Then a mapping f: W ^ C! is 
holomorphic (differentiable, and so on) if f° z; ' is holomorphic (differentiable, 
and so on) for each j where defined. Let N be another complex manifold with 
coordinates (1, and f: W > N. Then f is holomorphic (differentiable, and so 
on) if w, » f° z;' is holomorphic where defined. 


DEFINITION 2.8. A subset 5 © M of a complex manifold is a (complex) 
analytic subvariety if, for each s є S, there are holomorphic functions /,( p) 
defined on a neighborhood эз, 1 < A < r, such that с U = {p|f,(p) = 0, 
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1<A<r}. Then f; 20, 1 <A < n, are the local equations defining S at s. 
The subvariety S is called a submanifold if S is defined at each s e S by local 
equations f, = 0 such that 


зар E 
Oz (p) 
Suppose det(0f,/027), <<, # 0. Then letting 


]zvzr 


| = r is independent of s. 


wKp)-f(p. for d= 1,5, 
wi(p) = z5(p), (огА=к+1, п, 


we have a local coordinate w( = (wj, =+, м")) such that Siw) = и = 
= и” = 0 (is defined by). Let (р) = w*^(p) = 2" *(p) for pe S ^ U;. Then 
S is a complex manifold with local coordinates {¢;}. 

We want to introduce meromorphic functions on a complex manifold. 
They should be those functions which are locally quotients of holomorphic 
functions. More precisely: 


DEFINITION 2.9. A meromorphic function f on M is a complex-valued func- 
tion defined outside of some proper subvariety S of M (S # M) and such that 
given q € M, there is a neighborhood U of q in M and local holomorphic 
functions g, h on U such that f/(p) = g(p)/h(p) for p e U — S. 


EXAMPLES 

l. Any holomorphic map f: M > P! = Со {оо}, [S = f7 (оо)]. 

2. In CÈ, f(z,, 2,) = 2,2, or f(z,, 2,) = P(z,, 2,)/0(21, z;), where P and 
Q are polynomials. 


3. Some Examples of Construction (or Description) 
of Compact Complex Manifolds 


First we have submanifolds of known manifolds (P", P" x P”, and soon). 
Let Р" have homogeneous coordinates (Co, >с, Ca). Let /,(5), 1 € A € m be 
homogeneous polynomials and define M = (6|1f;(0 20,1 < A < т}. Suchan 
M is called a projective algebraic (or simply algebraic) variety. If the rank of 
(0f ;/0C,), 15 independent of ¢ € M, then M is a complex manifold. These are 
exactly the classical algebraic (projective algebraic) manifolds. In some cases 
the equations f; = 0 give some easily read information about M. For instance, 
if f is homogeneous of degree d, then М, = (C |f (C) = 0} is called a hyper- 
surface in P” of order d. If at least one of (27/06 „)(©) # 0, 1 < A < n, for each 
¢ e M,, then M, is nonsingular. 
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EXAMPLES 

1. M,¢ P? a nonsingular plane curve of order d is a Riemann surface 
of genus g = 4d(d — 3) + 1. 

2. А nonsingular M, € P?. M, is simply connected and the Euler num- 
ber x(M,) = d(d* — 4d + 6). [The formulas in Examples 1 and 2 can be ob- 
tained from Hirzebruch (1962), p. 91, Equation (5). They are well-known 
classical formulas. The simple connectivity is also well known and it follows 
from the Lefschetz theorems on hyperplane sections—see Milnor (1963), 


p. 41.] 
3. Let M € P? be defined by 


М = {616,62 — бобз = 0, бо б2 - tt = 0, Ds — C103 = 0j. 


We claim that M is complex analytically homeomorphic to P!. One can easily 
check that the map џ: P! Р? defined by p(t) = (t3, t2t,, tot2, t?) where 
t = (tọ, t,) € P!, is a biholomorphic map of P! onto M. 

We remark that in the cases of complex or differentiable structures, sub- 
manifolds give many examples; but for general [-structures one does not 
usually get sub I -structures. 

Second we get quotient spaces. 


DEFINITION 3.1. An analytic automorphism of M is a biholomorphic map 
of M onto M. The set of all analytic automorphisms of M forms a group g 
with respect to composition. Let С с g be a subgroup. 


DEFINITION 3.2. С is called a properly discontinuous group of analytic auto- 
morphisms of M if for any pair of compact subsets Kj, К, € M, the set 
{gEG|gK, ^ К, # >} is finite. 


DEFINITION 3.3. С has no fixed points if for all g e G, g ¥ 1, g has no fixed 
points. 


THEOREM 3.1. If G is properly discontinuous and has no fixed point, then 
the quotient space M/G is a complex manifold in an obvious natural manner. 


Proof. We shall assume that M is connected (or a countable union of 
connected manifolds) and paracompact. Hence, M is o-compact (a countable 
union of compact sets). Let М/С = {G,| pe М}, where С, = {g(p)| pe С} 
are the orbits of p e M. As notation set M/G = M*, G, = p*. We shall show 
that given д € M we can choose a neighborhood U of q such that p,, р, є U, 
pi * p; gives p> # p>. In fact, there is U 3q such that gU ^ U = ф for all 
g€G,g #1. М is locally compact so let U, > U, > U, ++- bea base of rela- 
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tively compact neighborhoods at д. Then Е, = {g|gU,, с Um # ф) is a finite 
subset of С and Ё 2 F,,,,2--:. If dg, € Fm, Im + 1 for all m, then since 
each Е, is finite, ^ Е, эд, g # 1. Therefore, gUm © О, # ф, for all m and 
U,, — q, gives g(q) =q, contradicting the nonexistence of fixed points. Hence 
we cover M with open sets U, such that p,, p; є U; implies pf # р? and 
thus, US UT = {p*|pe U;} is 1 — 1. We give UT the complex structure 
that U; has. That 15, if z;: p — z;(p) is a local coordinate on U;, then 
zi: p* —^ 2%(р*) =z,(P) gives a local coordinate on M*. The system {z7} 
then defines a complex structure on M* and the topology of M* is just the 
quotient topology for the map M > M*. Q.E.D. 


EXAMPLES 
1. Complex tori. Let M = C". Take 2n vectors {о}, ···, 05,), ©, = 
(0,41, ^*^, Dyn) € C" so that the œ; are linearly independent over R. Let 


2n 
G-(glg:z-cg(z) zt 2, may, m, € Z}. 


T" = C"/G isa (complex) torus of complex dimension и. Let n = | and arrange 


it so that о, = 1, о, = о, where the imaginary part of о is positive. Then 
T = C!JG. 


Figure 3 
exp 2ni 
We have a map C ———9 C*, z > w = е2" where C* = (z |z # 0). If we first 
take g(z) =z + то + т, and then exponentiate, we get e^"'G*m» So 
exp 2ni o g = а"! exp 2ni where х =e?" and g(z) = z + то + m,, and 
0 < |æ] < 1 since Im(o) > 0. Looking a little closer we see we have the diagram 


exp 27i * 


C — C 
C C 


which commutes. Hence, if we let G* = (g*|g*:w — a"w, meZ}, we see 
T = C/G = C*/G*. 


exp 2ni 
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Figure 4 


2. Hopf manifolds. Let W = С“ — {0} and С = (g"|meZ, g(w,,--^, 
Wy) = (aW, ^, ay Wy), where 0 < |a,| < 1}. Then W/G is a compact com- 
plex manifold since it is easy to see that G is properly discontinuous and has 
no fixed points on W. It is also easy to see that W/G is diffeomorphic to 
$1 х $2№-1 

3. Let M be the algebraic surface (complex dimension 2) defined: 


М = {014+ 65 + H @ = 0} =Р?. 
Let 
С = ig" | m = 0, L2 3, 4 where g(65, :::, 3) 


= (рбо, Polis Diss р“) and p = S d 


Then g is a biholomorphic map P? > P? and д? = 1. Consider the fixed 
points of g” on P?. They satisfy (0 = v < 3), (p""*9 — с) С, = 0 and the 
fixed points are (1, 0, 0, 0), (0, 1, 0, 0), (0,0, 1, 0), and (0, 0, 0, 1). These 
points are not on M so there are no fixed points on M and M/G ts a complex 
manifold. We saw before that M is simply connected and y(M) = d(d? — 
4d + 6) where d = 5. Therefore, the Euler number of M is 55. Then the fun- 
damental group 1,(M/G) = С and y(M/G) = 11. 

4. Last we have the classical examples of Riemann surfaces and their 
universal covering surfaces. If S is a compact Riemann surface of genus g 2 2, 
the universal covering surface of S is the unit disk D = {z e C!| |z| < 1}. Then 
S = D/G where each element of G is an automorphism of D and hence of 
the form 


az-a | 
g(z) = е ge ОА 
Ec. 
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Finally we consider surgeries. Given a complex manifold M and a com- 
pact submanifold (subvariety) S c M, suppose we also have a neighborhood 
W > S and manifolds S* c W* with W* a neighborhood of S*. Suppose 
f:W*—S*—^W —S is a biholomorphic map onto W — S. Then we can re- 
place W by W* and obtain a new manifold M* = (M — W) о W*. More 
precisely, M* = (M — S) u W* where each point z* є W* — S* is identified 
with z = f(z*). 


Figure 5 


EXAMPLE |. Hirzebruch (1951) Let M = P! x Р!. In homogeneous 
coordinates, P! = {|С = (to, 6); = {С v {œin inhomogeneous coordin- 
ates, (C = С/С, e C u {œ}. M = P} x P! = {(z, ()|2єР!, CeP!) contains 
S = (0) x P! and W = D x P! where D = {2| |z| < є} is a neighborhood of 
S in M. Let W* = Dx P" = {(z, £*)|ze D, (*e P" and S* = {0} x P*. 
Fix an integer т > 0 and define f: W* — S* + W — S as follows: 


УСС) ә, = [x(C*/27y] where 0 < |z| < e. 


Then f is biholomorphic on W* — S* and let М* = (М — S) о W* where 
OC) CPC -92 "50s ОГ же, 


REMARK. M and М* are topologically different if m is odd. 


Proof. (for т = 1). М = P! x P! is homeomorphic to S? x S?. We 
show that the homology intersection properties of M and MT are distinct, 
hence, proving that they are topologically different. A base for H,(M, Z) is 
given by (S,, Sa} where S, = {0} x P', 5, = P! x {0}. Hence, any 2-cycle С 
is homologous (~) to aS, + bS,, a, b є Z. The intersection multiplicity 
KC, C) = l(aS, + bS,, aS, + Ь5,) = a^ I(S,,S,) + b?I(S,, S5) + 2abI(S,, S3). 
Since S,, S, occur as fibres in P! x P', /(S,, S,;) = I(S;, 5,) = 0. Hence, 


I(C, C) = 2ab = 0 (mod 2). (1) 
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In M we have the following picture: 


и“ 
М M; 
Ао 
А, 
e^ 
Figure 6 


where A. is the submanifold of M1 defined Бу б = с and ¢* = zc with the 
coordinates explained before. Then А, is a 2-cycle and А, ~ A.. Hence 
I(Ao, Ag) = l(Ao, A,) = 1. Since for any 2-cycle Z on М, I(Z, Z) = 0 (mod 2) 
we see M # MT. 


REMARKS 


1. М* + M; (m з n) as complex manifolds. 
2. M3, — M topologically. 
3. М „+; = MT topologically. 

These facts are proved in Hirzebruch (1951). 


EXAMPLE 2. (LogarithmicTransformation) LetM = T x P',T=C/G, 
G = {mw + n|m,neZ,Imo > 0} where T isa torus of complex dimension 1. 
For any ё e C, we denote the class in C/G = T by [©]. We perform surgery on 
M as follows: Let 5 = {0} x Т, W- DxT where P! = С о {со} and 
0eD-ízeCl|lz| < е). 


Figure 7 


Then set W* = D x T = {z, [ġ*] |z e D, [{*] e T} and S* = {0} x TC Dx 
T. Define f: W* — S*— W — S as follows: 


f:G, [Е*]) > 42, [Ё* + (1/221) log z];, 


where 0 < |z| < e. 
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Then f is biholomorphic and we can form M* = (М — S) о W*, where 
(2, ED) = (z, (6%) if LEJ = [C* + (1/213) log z], 0 < |z| < e. 


REMARK. For the first Betti numbers b, we have b,(M) = b,(T) = 2, but 
b,(M*) = 1. In fact, M* is topologically homeomorphic to S? x S!. 


Proof. H,(M,Z)=2Z@Z is clear by the Kunneth theorem. To study 
M*, first we notice that M — W = (Р! — D) x Tis homeomorphic to A x T 
where A is a closed disk, and T is homeomorphic to S! x S'. If = х + уо, 
we can identify [С] with (x, y), where x + 1 is identified with x, y + 1 with y, 
where x and y are real (є R). Therefore W* = D x 5! x 5!, M—-W=A x 
S! x S!. Since we are only interested for the moment in the topological type 
of M* we may as well assume that D is the unit disk and that the identification 
in the definition of surgery takes place on the boundary of D = (e'^|0 < 0 < 
21). Then we identify (w, x*, y*) and (w, x, y) if x = x* + (0/2n), y = y*. 
Hence, M* = B x S! where B is a circle bundle over S? ; and in fact, we easily 
see by the transition function that this is the Hopf bundle S? — S?. Hence 
В = S?. This proves that M* = S? x S'; b,(M*) = 1 follows. 


EXAMPLE 3. We mention also the classical quadric transformation 
(blowing up, a-process). First we discuss the case where M has complex di- 
mension 2. Let S = p be any point on M, and let S* = P! be a copy of the 
Riemann sphere. We define M* = (M — p) о Р! as follows: Choose a co- 
ordinate patch W = {(z,, z;)| |z,| < е, |z;| < £} in a neighborhood of p so that 
z,(p) = 2,(р) = 0. We define a submanifold W* of W x Р! as follows: 


W* = {(21, Z2; (1, (2) є W x P' |2,6 — 220, = 0}, 


where (“,С,) are homogeneous coordinates on P!. W* is a submanifold since 
(0f/0z,) = C2, (0f/02;) = —C, if f = 2,6, — 22¢,, and hence [(0//0z,), (0f/0z;)] 
# (0, 0). Let f/*: W* — W be the restriction of the projection map W x P! > 
W to W*. Then W* 20x P! = S*, f*: S* > p = (0, 0), and f*: W* — S* > 
W — р is biholomorphic. The first two statements are obvious. For the proof 
of the last, let (z,,255 бу, 6,) £ S*. Then at least one of 2, 40 and hence 
(Ci, C2) is determined by (z,, z;) f * ^! :(z,, Z2) > (z,, Z2; 21, Z2). By surgery we 
obtain M* = (M — р) о P'. We make the following definition: 


DEFINITION 3.4. The quadric transformation Q, with center p is the mani- 
fold Q,(M) = M*. 


REMARK. О, О, (Р?) can be complicated! For example, 


0, 0, (Р?) = {016+ 605 +55 = 0) c РЗ. 
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For manifolds M of dimension 2 2 we proceed analogously. If 
dime М = n, let (z,, :::, Z,) 


be coordinates centered at p[p =(0,---,0)]. If И = {(z,,---, z,)| [2,1 < 
€, 1 < æ < n}, we set W* = {(z, O| zit, —2z,6,=0,i<A,v<n}oWwx Prt. 
Again W* is a manifold, projection onto W defines a biholomorphic map 
w*—P""'+W-p, by (2, ()Oz. We form M*=(M — р) о И* = 
(M — p) о Р"! and call M* = Q,(M) the quadric transform of M with 
center p. 


4. Analytic Families; Deformations 


Consider a torus Т, = C/G, С = (mo +n|m,neZImw-—0}. We have 
a family of tori depending on the parameter о. Many examples of compact 
complex manifolds depend on parameters built into their definitions. We also 
have the examples of hypersurfaces of degree d in Р". Each such surface 
M, = (CIf(C) = 0) is defined by a function f of the form f —»,,....4,-4 
Ay, a, 09 7 Cn. Ina sense to be made precise M, depends “analytically "' 
on the coefficients ap, ... x, of f. We make the following definition: 


DEFINITION 4.1. Let B be a (connected) complex manifold and let 
(M,|t e B) be a set of compact complex manifolds depending on t € B. We say 
that M, depends holomorphically (or complex analytically) on t and that 
(M,|t e В} forms a complex analytic family if there is a complex manifold æ 
and a holomorphic map @ onto B such that 


(1) @ !(t) = M, for each t e B, and 
(2) the rank of the Jacobian of @ is equal to the complex dimension of 
B at each point of M. 


We note that (2) implies M, is a complex submanifold of M. 
Now for some examples. As before, we denote Т„ = C/G, 


С = {n + mo|n,m eZ,Im o > 0). 


Let В = {о | Іт о> 0} c C. Let 8 = {09,, |9,„: (0, 2) 9 (0, z + mo + n). 
Then 4 is а properly discontinuous group of transformations on В x C with- 
out fixed point. Hence, æ = B х С/С is a complex manifold. The projection 
map B x С > B induces a holomorphic map æ & B, and o^ (о) = T,,. It is 
easy to see that the Jacobian condition is satisfied so {Т | о e B) forms a 
complex analytic family. 

But suppose we proceed as follows: Again Т, = С/С and the map 
C — С/С is written z > [z]. Let D = unit disk = {t| |t| < 1}. On D x T, con- 
sider the group 4 = (1, 4} where g :(t, [z]) ^ (—t, [z + 1]) is of order 2. 
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Then 4 is properly discontinuous and has no fixed points so D x Т„/® is a 
complex manifold. Let x: D x T,, — D be defined by (t, [z]) ^ « = t?. Then 
the diagram 


(t, z) —— (- t6 Ez + 3) 


t? ) t? 


commutes so л defines a holomorphic map on æ. The Jacobian condition 
is not satisfied by л, since (ôt/ðt) = 2t = 0 at t = 0. We notice that л т) = 
Т, if t #0, but x^ (0) = T*, a torus of period 0/2. 


DEFINITION 4.2. Let M, N be compact complex manifolds. M is a deforma- 
tion of N if there is a complex analytic family such that M, N € (M,|te В}, 
that is, M, = M, М, = N. 

We have the following sequence of problems to guide our work: 


PROBLEM. Determine all complex structures on a given X. 


PROBLEM. Determine all deformations of a given compact manifold 
M. 


PROBLEM. (easier?) Determine all “sufficiently small" deformations 
of a given M. 


DEFINITION 4.3. We say that all sufficiently small deformations have a cer- 
tain property 2 if, for any complex analytic family (M,|t € B) such that 
M,, = М, we can find a neighborhood N, tg e N c B such that M, has 2 for 
each re М. 

By standard techniques in differential topology we prove the following 
theorem: 


THEOREM 4.1. Let M, be a complex analytic family of complex manifolds 
M,. Then M, and М,, are diffeomorphic for any t, t, є B. 


Proof. The reader will notice that we really only use the differentiability 
of the map n: M — B, analyticity is not needed. In fact, we prove: Let . be 
a differentiable family of compact differentiable manifolds such that the dif- 
ferentiable map л: æM —^ B has maximal rank (æ and B are differentiable 
manifolds). Then M, is diffeomorphic to M,- 


20 DEFINITIONS AND EXAMPLES OF COMPLEX MANIFOLDS 


First we construct a C? vector field © on a neighborhood of М, in .4 
such that л induces л,(Ө) = 0/0s, where s is a member of a coordinate system 
(s, x^ ,***,x") in a neighborhood of the point г, € B chosen as follows: 


Figure 8 


We connect f, and t by an embedded arc y:(— 2,1 + є) > (y(s)| 5e(— 6,1 + e). 
A compactness argument shows that we can assume that ¢ and fp lie in the 
same coordinate patch and since y is an embedding we can find a chart with 
coordinate (s, £5, *:*, tm) around to(to = (0,::-,0), £ = (5,0,--:,0)). Because 
of the rank condition, x (у) = л !((5,0,--:.,0)| -e<s<1+e}, is a 
submanifold of æ, and we can assume that (s, x ++, Xj) are coordinates 
of M for a given point of n~ (y) in some neighborhood 4; of the point. Then 
the vector field (0/05); оп Y; satisfies 1,(0/0s); = 02/05. Then if (p;) is a parti- 
tion of unity subordinate to (4/;j (4; is a neighborhood of M,,), the vector 
field Ө =) , p,(0/0s); satisfies our requirements. 

For the second part of the proof we seek a solution of the differential 
equation 


© ү) =@%[x(t)], I<a<n (1) 


where © is the a-component of © in the coordinate patch 4/;, with initial 
conditions x*(0) = у", where (0, y^, +++, y") is some point close to (0, ···, 0). 
If s is small enough and | y| is small enough, Equation (1) has a unique solution 
x(t, y) on some small interval. By compactness, we can assume that M,, c 
U j/4/;, a finite union of such patches, and that in each 4/;, (1) is satisfied for 
|t| < и where p is independent of j. If x§(t, y) is such a solution, let x; = fj, (x,) 
and define £[1, f, (0, y)] uniquely on 4; с U, by 


x(t, y) = ёи, А0, y)]). (2) 
Then 


ах" =o) y) =% = Óxj дё т, f. (0, »] 
р ox] Ót 


4. ANALYTIC FAMILIES; DEFORMATIONS 21 


and by the uniqueness of the solution to (1) 


x A(t, y) = f aC, 3, (0, y))). (3) 


Equation (3) implies that x(t, у), |t| < u, y є M,, is a well-defined differen- 
tiable map defined on М,, for each т, |t| < p, and x(0, y) = y. Let ọ.(y) = 
x(t, y); then фо = id (on M,,). It is also easy to check that z[q,(y)] = y(t) 
since л,(Ө) = d/ds. Hence, o, maps M, into M, (for small т). We can re- 
peat this argument for M,,,, and define y,: Му > М, +, and by uniqueness 
get у, оф, = id, q,o W_,, = id. Since everything is differentiable, the 
theorem is proved. Q.E.D. 


REMARK. This argument is very old. For a treatment from the point of 
view of Morse theory, see Milnor (1963). Sometimes this theorem is attributed 
to Ehresmann (1947). 

We consider some more examples of complex analytic families. The de- 
pendence of the complex structure of M, on t e B can be complicated as we 
shall see. 


EXAMPLE |. Consider again the family of tori {Т | оє H} where 
Н = {w| Im o > 0} and T, = C/G, С = {то + n| m, ne Z}. From the clas- 
sical theory of Riemann surfaces we see that Т, and T,,. are conformally 
equivalent if w = (aw + b/cw + d) where a, b, c, deZ, and ad — bc = 1. 
Let 4 be the group of transformations acting on H which have the form 


ao +b 
— 


———— , a,b,c,deZ, ad — bc = 1. 
со + а 


Then it is easily seen that 4 is properly discontinuous оп H. А fundamental 
region F for (Ug = Н, gF AF = if g # id) 15 given by the shaded 
region in the figure below, hence Т, # T,,., if w # o and о, o e F. 


F 


Figure 9 
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The elliptic modular function J defines a conformal map J: H/4 — C. So 
Т, = T,, if J(o) = J(o’). 


EXAMPLE 2. (n-dimensional tori) We give an outline of some of the 
facts. A torus T" = C"/G where С = (07* , m;o;|m;€Z) where o,,**:, о, 
are complex n-vectors linearly independent over R. 


(a) We can replace {w,} by any other linearly independent basis of G. 
That is, 


2n 
Oj, = m. jk Ок» (4) 


where акє®, det (а) = 1 are also permissible generators of the lattice 


(group) G. 
(b) We may also introduce new coordinates in C" so Z, > Z,, where 


2; = 2.7? s Yva Є C, det(y,;) * 0. 


y= 


Then, 
Фа = È, O jv Yra- (5) 
The resulting change from Equations (4) and (5) becomes 
Фу = ) A jk Oey Yva (6) 


We may assume that w,.,,°°*, 05, are C-linearly independent. Hence by 
some change of coordinates (y,,), we can obtain 


Q1 dE P DE Qn 
К va) = Dy ie Onn > 7 
а '""' 2m Jo i ( 


where / is the n x n identity matrix. 


So we may assume (oj;) = (9). where О = (о;;) 1€ i, n and I= 


(1) 


(c) We can also break (aj) into pieces: 
A B 
(aj) = E р) ' 
Then (4) takes the form 


о = (009) p io) О = AQ + B, 0; = CO + D. 
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/ . е * О, ‚ x 1 Q' 
If one assumes that О, is invertible, then О (D = I where 
2 


Q' = (AQ + B(CQ + D)^!, (8) 


The following treatment will be a bit sketchy; for more details con- 
sult Kodaira-Spencer II (1958). The fact that c, ···, w,, (1, 0, +++, 0), 
(0, 1, 0, 0),---(0,:-:,0, 1) are real linearly independent implies 


QQ 
(9 г. Æ 0, 


which is the same as (2i)" det [Im(@,,)] = 0. Consider the space H = {Q 
det(Im 2) > 0) [some sort of a generalization of Im o > 0 in Example (1)]. 
Let 4 — the set of all transformations 


Q0 (AQ + BAC + D)! = W, 


where С р) e SL(n, Z), the invertible integral matrices of determinant + 1. 


This group does not really act on И since it is possible for CQ + D to be 
singular; one should consult Kodaira-Spencer for more details. H should be 
extended to something more general on which SL(n, Z) acts. In any case, 


Ig qu if O' = 00, g e 4. 


We would like to form H/4. But it turns out that 4 is not discontinuous. In 
fact, for any open set U c H, there is a point Q e U such that(gO|ge 4$) nu 
is infinite. Hence, the topologial space H/ with the quotient topology is not 
Hausdorff and hence certainly not even a topological manifold by the usual 
definition. 

We next give some examples of families (M,|t e B) such that М, = M 
for t xx ty and М, # M. 


EXAMPLE 3. A Hopf surface isa compact complex manifold of complex 
dimension two which has W — C? — ((0, 0)) as universal covering surface. 
More precisely, the Hopf surface M, is defined by M, = W| С, where С, = 
(g"|meZ) and g:(z,, z;) (az, + 12,, а2,), that is, (2) m B (3). 

2 


О aJ 4\2, 
where 0 < |а| < 1 and te C. Then М, is a compact complex manifold. 


LEMMA 4.1. (M,|teC) isa complex analytic family. 
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Proof. ={M,|teC}=C x W/T, where Г = (y"|m eZ}, and 
t 1 0 O\/t 
71211 = 10 у thz]. Q.E.D. 
Z5 0 0 y \z, 


(1) М, = M, (complex analytically) for t $ 0. 
(2) Mo # M.. 


Proof of (1). We make the following change of coordinates: 


е 6) = C2) 
Oe 30. 0-5 3) 


implies that M, = M, when t z 0. 


We claim 


Then the equation 


Proof of (2). First we prove a special case of Hartog's lemma. 


LEMMA 4.2. Any holomorphic function defined on W = C? — {(0, 0)} can 
be extended to a unique holomorphic function on C?. 


Proof. Let f(z,, 2,) be the function on W. Pick a number r > 0, and 
define the function 


F(z,, 22) = L4 AED d. 


Ani |»ү=, W — Z, 


for |z,| < rand z, arbitrary. Then F(z,, z;) is an analytic function in its cylin- 
der of definition which is a neighborhood of (0, 0). If we can prove f= F 
where both are defined, we will be finished. We know that f(w, 2,) is holo- 
morphic if 2, # 0. So Cauchy's theorem gives 


F(z,, 22) = f(zi. z2) for |z,| <r, 2, #0. 


Fix z,,0 < |z| <r. Then F(z,, z;) = f(z,, z;) for 2, # 0. Both are analytic 
in z,; therefore, 


F(z,, 0) = f(z, 0). 


Hence they agree where defined, proving the lemma. 
Now let us suppose M, = Mg, t # 0. Then there is a biholomorphic map 
fF: M, Мо. W is ће universal covering manifold of M, and M, , so f induces 
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a map f: W И which is biholomorphic, such that 


Ws 


M, ——5 Mo 
commutes. 
It follows that G, = f~' Gof. Hence for generator g, of G,, 


а (9) 
Write the map f in coordinates as 
f(z, Z2) = BAZE Z2), /»(@\, 2›)]. 


Then by Hartog's lemma extend f,(z,, 2,) to a holomorphic function F, 
(z,, z;) on C?. Then F maps С? into C? [F = (А, F;)], and F(0) = 0. For if 
not, extend f7! to Ё which satisfies F[F(z)] = 2 on W and by continuity, 
FLF(0)] = 0. But if F(0) 0, FLF(O)] =f ^! LF(0)]  O. This contradiction 
gives the result. Now expand F,, 


Fi(z;i,z;) = Е,,2, + Fy,Z2 + F 4,2] аза 
We know that f[g,(z)] = 90 ! Lf(z)] so 


y Qu 
Flu = (5 9) FO. 
Rewriting this gives 
F (az, + 12, az) = «*'F,(z,, Z2), 
F (az, + tz,,0z,) = «*'F,(z, Z2). 
Expanding these and taking the linear terms yields 
E 296 9-6 E А) 
Fy, Fy2)/\0 а 0 a Fj Fal 
This can only happen when t = 0. Hence M, # Mo. Q.E.D. 


EXAMPLE 4. Ruled Surfaces (examples of surgery) Our ruled surfaces 
will be P! bundles over P'. Let P! = (t|C e C o {co}} (nonhomogeneous 
coordinates). M" = U, x P'o U, x P! where U, u 0, = P', {Л =C, 
U, = Р! — {0}, and identification takes place as follows (recall Section 3): 
Let (z,,6,) e U, x P}, (z;, č) e U, x P. Then 


(21,61) 0 (22, 02) fC, = 276,21 = 1/2,. 


Remark. M x М“? for m x ¢ (not to be proved now). 
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THEOREM 4.2. М is а deformation of M™ if m — £ = 0 (mod 2). Assume 
that m > /. Then there is a complex analytic family (M,|te C) such that 
M, = M'? and M, = М for t #0. 


Proof. Define M, as follows: M, = U, x P! U U, x P! where (z,, 6) 
e (2,6) if z, = 1/z,, 0, = zo (5 + 125 where k = 4(m — £). Then it is easy to 
see that {M,teC} is a complex analytic family and that М, = M6, 
Suppose t = 0. Introduce new coordinates оп the first Р, by 


k 
2 zr ; 
a= ш (linear fractional transformation). 
>I 
On the second P}, 
С. Lx C2 
dE x ru 


Then, using z,z; = 1, and б = z3'C, + tz5, we get 
, – 2406, 
бр = 27 70. 


Hence, іп the new coordinates, 22, = 1, (, = 2565; so 

M, = М“? for tz. Q.E.D. 
PROBLEM. Finda pair ofcomplex analytic families {M | |t] < 13, № |t] < 1) 
such that 


(a) Mo Ng, (not complex analytically 
(D М,= № for tz0, homeomorphic) 
(o N,=M, for t #0. 


There are no known examples of this type. 


[2] 
Sheaves and Cohomology 


l. Germs of Functions 


Let M be a complex (or differentiable) manifold. A local holomorphic 
(differentiable) function isa holomorphic (differentiable) function defined on an 
open subset U € M. We write D(f) for the domain of f. Let p € M and suppose 
given local functions f, g such that D(f) ^ D(g) 3 p. We say that f and g are 
equivalent at p if f(z) = g(z) forze W € D(f) ^ D(g), W a neighborhood of 
p. By a germ of a function at p we mean an equivalence class of local functions 
at p. Denote by f, the germ of f at p, €, the set of germs of all holomorphic 
functions at p, and 9, the set of germs of all differentiable functions at p. 
The definitions 


af, Bg, = (af + Bg); œ, ß EC, 
So: Ip =(S9)p> 


are well defined, hence, 0,, 2, become linear spaces over C. We also define, 


0= ()0,,9= () 2,. 


pe M pe M 


We put a topology on 0 and 9 as follows: Take any o € @ (or 2); then 
Q € 0, (or Z,) for some p. Take any holomorphic (differentiable) f with 
f, « and define a neighborhood of q as follows: 


Ulp; f, О) = (fila e U}, 


wherepeUc M, U is an open set in D(f). It is easy to see that the system of 
neighborhoods Z/(q; f, U) defines a topology on @ (or 9). 


EXAMPLE. 0 on the complex plane C. Let p € C. Then if f and g are 
holmorphic at p we have expansions valid in some neighborhood of p, 


flzy = Y. AE- p 902) = Y az — pf. 


so f and g are equivalent at p if and only if f, = g, for all k. Hence, the germ at 
р is represented by a convergent power series; ©, = ring of convergent power 
series. And an element ф є 0, can be represented by ф = f, = {Pi fosfid 
where lim,..., |f|} < + and the radius of convergence is г(ф) = 1/ lim. 
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We define 


Ulp; €) = {Y| Y —f,.lg — pl < e where 0 «e < r(g)}. 


In terms of our representation we calculate 


а) = Y AG = p'-Y fG-asa- р? 


=S e-a (лар 
Hence 


афа) = [1% = (4i go gha- <E 


9, - È (ла = pr^ 


We note that V € (оф; ғ) means that y is a direct analytic continuation of q. 
The case of 2 on R is not so simple. If 9 = f, where f is a С° function 
at p, 


Јо) = Ў fox — p* + х — ру”. 


But f is not determined by the /,’s since there exist C? functions f which are 
not identically zero, but which have all derivatives zero at some point. 
Define 0: 0 (or 2) > M by © (0,) = р. 


PROPOSITION 1.1. (1) @1isalocal homeomorphism (that is, there exists 
U such that ©: Uo; f, О) ^ U is a homeomorphism). 

(2 o (р) = 0, (or 2,) (obvious). 

(3) The module operations on @ !(р) are continuous (that is, хф + By 
depends continuously on o, y). 


Proof. (1) Ulo; f, О) = {f,|qe О) and o: f; >q is certainly 1 — I. It 
is obvious that @ is continuous. To show that @ + is continuous, let 4/(c; g, V) 
be a neighborhood of y =f,- We want to find a neighborhood W of q so 
that f, =@ (и) є (0; g,V) for we W. We know that g, = у = f}, so f 
and g are equivalent at g. Hence, f = g in some neighborhood N of q. Let 
И = N nV. Then f, =g„ оп И, so f, € 4(y; g, V) for we W. This proves 
that the @~' is continuous. 

(3 Let o =f,  —g,. Then ao + By —(af + Bg),. Let Uap + Bv; 
h, О) be a neighborhood of аф + By. Then аф + By = h, = (af + Bg), so 
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h —af + fg in some neighborhood VEU of p. Then if сє (0; f, V), 
t € U(W; g, V), we have 


ac + Вт = ој, + Dg, 
= (af + Bg), 
= h,€ A (aq + Ву; h, V). 


Since Wap + Ву; h, V) © (аф + By; А, U) we are done. Q.E.D. 


We now give a formal definition. Let X be a paracompact Hausdorff 
space. 


DEFINITION 1.1. A sheaf < over X is a topological space with a map @: 
F — X onto X such that 


(1) is a local homeomorphism [that is, each point se Z has a neigh- 
borhood 4 such that ©: 4 > (Y) c X is a homeomorphism onto an open 
neighborhood of @(s)]. 

(2) @ (х), хє X is an R-module where А =Z, К, C, or principal 
ideal ring. 

(3 The module operation (s,f) «s + Bt is continuous on à !(x) 
where a, д € А. 


(The reader can easily generalize this definition, but for our purposes it 
suffices.) The set Z, = @ (х) is called the stalk of S over x. 


EXAMPLES. (of sheaves) 


(1) € on a complex manifold. 

(2 9 опа differentiable manifold. 

(3) The sheaf over X of germs of continuous (В or C valued) functions. 
(4) The sheaf over X of germs of constant functions. 


In Example (4) # = X x С with the following topology: Let s = (x, 2); 
then (s) = {(y, z) | y E U, z fixed}. If r > f(r) is a continuous map into 5 of 
I = {rja <r < b}, then (1) = ((y, 2) |2 fixed and y = oXf(r)re I). In other 
words we give X x C the product topology where X has its given topology 
and C has the discrete topology. 


DEFINITION 1.2. Let U be a subset (usually open) of X. By a section o 
of F over U we mean a continuous map x — o(x) such that @ o(x) = x. 
Suppose X = M, a complex (or differentiable) manifold; and suppose Y = 
0 (ог 9). If f(z) is a holomorphic (or differentiable) function on U, then 
0: p — fy, p € О is a section. 
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PROPOSITION 1.2. Let o: U > 9 Бе a section (F as above). Then c deter- 
mines a holomorphic (or differentiable function) f — f(z) on U such that 


o(p) = fp. 


Proof. o(p)€0, (or 2,). Hence there is a holomorphic (ог differen- 
tiable) g(z) defined on some neighborhood of p so that o(p) = g,. Since g 
depends on p we write, g(z) = g(?(z). Define f as follows: 


f(p) = g"Xp). 
Then f is obviously well defined. Then 


(1) f(p)is a holomorphic (differentiable) function on U. 


Proof. Take W, neighborhood of p, Ис U. Let U = 0 [0о(р); gP’, W] 
= ((g),|q € W}. Since ø is continuous, for any small neighborhood N 
of p, NC №, we have o(N) € 0. Hence o(q) —(g?),. But we also 
know o(q) = (g(*),. Thus, (g), = (gP), and g@(z) = g(?(z) for z in a 
small neighborhood V of q, V c М. But f(q) = g*'(q) = 954) for дє V. So 
f(z) =g(z) for ze V and gP’ holomorphic (or differentiable) in V implies 
that fis also. 


(2) By definition o(p) = (g(?), =f, for each pe U. |. Q.E.D. 


Hence we have the maps: 


local holomorphic (differentiable) functions 


germs 


i 


sections = holomorphic (or differentiable) functions. 


I(U, S) will denote the R-module consisting of all sections of S over 
U. We remark that I(U, ©) are all holomorphic functions over U and 
I(U, 2) are all differentiable functions over U. Let {U,|1<A<n} be a 
finite family of open sets in X such that NU, #@. Let o, € l'(U;, S) and 
a, € R. Then У «сє I(U, S) where U = г U,. Let W be an open set and 
c €I(U, S) for some open set U. Then х» о(х), хє И a^a О defines a 
section of Г(И a U, S). We denote this section by r,o and call it the 
restriction of o to W n U. 


2. Cohomology Groups 
Let X be a Hausdorff paracompact space and let Y be a sheaf over X. 


Fix a locally finite covering @ ={U,} of X. A O-cochain C? on X is a set 
° = (o5) of sections e, € I(U;,). A I-cochain С! = {с} is a set of sections 
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0, € I(U; ^ U,, S) such that oj, = —6,; (skew-symmetric). A q-cochain 
С = {сс jj) is a set of sections о, +, EIU; s A U; S) which 
аге skew-symmetric in the indices jo · · · ją. Let C*(4/) be the R-module of all 
q-cochains. We define a map C'(4/).2. C** (47), the coboundary map as 
follows: For 0-сосһаіпѕ, óC? = {т} = (e, —6;) where C? = {су}; for 
1-сосһаіпѕ C! = {с}, 9C! = {tye} where та, = Oke —6,, + Oik =F jy + Ok 
+ 6,;. In general, óC* = (tj, } if C* ={o,, ... ;,}, where 


Susi 
T jos jasi 7 ©з jasi T Üjojzss jari TO! 
+ (= 1) 0...3, 
= У (Do, eo (1) 
where ^ means “omit.” 
We denote the g-cocycles by 
Z(Y) = {С |С" 20). 
The q-cohomology group (with respect to Y) is 
H*(4) = Н, S) = Z*(&óC* (a). (2) 


We should remark that ôC is always skew-symmetric and бб = 0 so that 
CT (20) © ZW) and Equation (2) makes sense. The qth cohomology group 
of X with coefficients in the sheaf S is defined to be 


H*(X, P) = іт HUY, P). 
U 


This limiting process will now be explained. We say that the open covering 
V = {Vi Jiena Of X isarefinementof U = {U ;}je; If there isa map s: A > J such 
that V, с Uxa) = Uja» where we set j(4) = 5(4). We define a homomorphism 


I2 CAY) ^ CAV), 
ПА 653.) 
where 
Tage dg T РУ on Val ©з‹ло) мА]. (3) 
It is easy to check that 
ony = II ô, (4) 


so that П* maps Z(%) into Z*(Y^) and óC* !(4) into С (Ӯ). Hence П 
induces a homomorphian П: Н(2) — HUY). 


LEMMA 2.1. IIZ: НЯ) = НЧ) is independent of the choice of map 
s: ^A 5 J in the definition of refinement. 
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Proof. First some notation: fix indices х0, ···, 5, € А. Let 


^^ 
Е Жашыма Ve. V^ eem ood Vere 
p CN 
U” = Ujao с Us, 0 Us, 7 Ug o 0 Us, 


and 
a " T 
U’ = Ufan п Ода O Uu 7 O Us, 


where f, g : А — J are two refining maps. Define a function (ko),,...,, by 


q 
(ko);, ЕЙТЕ 2, C 1)"  'yoO ffan) ++ f(Ap)g(Ap) 90) (5) 
pe 
Let us call the maps П, defined by f and g,f*, and g*. We claim that the 
following equation holds: 
[(ók + kó)],, ...,, = (g*o — f*o),...,,- (6) 


The function ko is not necessarily skew-symmetric in its indices; so we 
skew-symmetrize 


| | 1 D Ж 
Че = Usa = c E sin u е 


Next we use (6) to see that 
[(Ók' + k'ó)o ],,...., = (g*o — f*o),,...,,. 


Hence, if óc = 0, ók'o = g*a — f*a c dC? ! (Y^). Hence, f * and g* induce the 
same map, Н) —^ H*(Y^). Therefore we prove (6). The reader can easily 
check the following calculations: 


q 
(OKO )a9 +4 = 24 — IY ry(ko),, ...z, ... ds 
q j £—1 | 
=> 1) ry | i LY) ry? O (асу... уада) = (21) баа) 
= j= 


q 

Jl “NS 

+ | 2 ( —1)' rw O f(ao) +> f(a)f (x)0(2) - 
J^ 


Е ё+] 
(Ко), о... а, TS уй (= 1) "ry O f (ag) --- f (a5)g(aj) scitu po gia) 


i<é 
{+ {+1 
+ + Гу FG faa) ik айлы уа а aio) (7) 
J 
Similarly, 
Nr jte ^ 
(Кде)...а„ o Dry O flao): f (a1) f (25)9(a5). glag) 
SJ 
jt6£1 ^x 
+ 3010 Fy O (ао) f(aj)g(ay) *: gla) - 'g(aQ)* (8) 


nj 
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Equations (7) and (8) give 


q 
[(ok T kó)o Jao sag 77 uty О f (ag) --- faala) "e g(a@q) 
J= 


q 
E p» TY O (ao) --- f(a5)g(25) glaa) 
Ј = 


= Гу Og(ag) glag) — ГУ O flao) flag) > (9) 
proving Equation (6). Q.E.D. 

Knowing that the map IT? depends only on 4/ and Y^, we proceed to the 
definition of the limit. We write Y < W if W is a locally-finite refinement of 4. 
Then < isa partial order and given YW, Y^ there is W so that 4 < # and 
VY < Ж. Hence the set of all locally finite coverings of X forms a directed set 
with respect to <, and the following equations can be verified (using Lemma 
2.1): 

II2 = id, 


П. = Пу Пё, if <<. 


DEFINITION 2.1. H(X, A) = Шт HY, ©). 
КА 


REMARK. We recall the definition of the limit lim. We say that g, he Н“ 


U 
(U, F) are equivalent if there exists Y^ > 4/ such that П. д = IIZ h. Denote 
the equivalence class of g by g. Let 


Н, S) = (g|ge HU, 9). 
The map д gj defines a homomorphism П“, 
II? : H*(&, 9)  H*(Y^, P), 
and П induces a homomorphism П, 


Па: Hd, 9) ^ HY, P). 
LEMMA 2.2. П? is injective. 


Proof. Wyg =0 if and only if П. » IŽ д = 0 for some W. So П“, д = 
0 and д = 0. Q.E.D. 


Hence, identifying H*(4, 9) with TIZ H*(4/, S), we may consider 
HU, Ф) c HAY, 4) provided that 4 < Y^. Then by definition, 
H'(X, S)= JHU, P), 


U 
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and II”: H*(4&, S) + HAU, Ф) = HX, S) is a homomorphism of 
НФ, F) into H(X, 9). 


PROPOSITION 2.1. H(X, S) = Г(Х, P). 


Proof. By definition С! 20 so H9?(&, P) = ZU, P). 
І, Ф) = [o|o = (o;j],o; e T(U;, Ф), ӧс = 0]. 
But óc = 0 means oz) — o,(z) = 0 on U; ^ U,. Hence o(z) e I(X, S), de- 


fined by o(z) = 0,(z) when ze U;, is meaningful. This proves H9?(4/, S) = 
Г(Х, 9) and implies НХ, P) = Г(Х, 4). QED. 


PROPOSITION 2.2. Н“: H'(&, S)  H'(X, F) is injective. 
COROLLARY. H'(X, P) =|) H'(&, P). 
U 


Proof. (of the proposition). Suppose he H'(U, S) = Z'(U)SCAY). 
Then h = (ej, o; € I(Uj ^ Uk, 9) where o;; + oj, + 0,; = 0. We want to 
show that Пл = 0 implies Л = 0. II" = 0 means h = 0 and this is true if and 
only if 1%; = 0 for some Y^, Y^ > U. Let W = {W| Wi = Ui O V;). Then 
W is a locally finite refinement of Y^ and П®Л = П», o Пл = 0. Also W > U 
since W ;, c U; and we can use the maps(iA) = i inthe definition of refinement. 
Then we have 


“Up 
Hyh = {Tanum} 
where 
Taaje) = Аја = Сил o Wy ij: 


Then M% h=0 implies (15,,) = 6{t,,}, that is, Tiju = Tja — Tia Since 
Tirin = Wian Wi, Cii = 0, we obtain ti, =t; on Wa © W;,. О; = (Ja Win and 
Ti = tj, on W;, defines an element v; € I(U;, S). Then the equation с, = t; — 
t; implies h = 0. Q.E.D. 


Consequently, in order to describe an element of H!(X, S), it is sufficient 
to give an element of H'(W, F) for some Ф. 


EXAMPLE. Let M = ((z,, 2,)| [2,1 < 1, |z2| < 1, (z,, z2) # (0, 0)}. Then 
dim, H'(M, ©) = + œ. 
Proof. Set 
U, "S zi. 23) | (2i; Z2) € M, 21 = 0}, 
U, = {(z1, Z2) | (Z1, Z2) ЄМ, 2, £0). 
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In this case M = U, о О, so chose as covering 4 = (U,, U,}. Then 
НО, 0) = Zi (à, 9))6C9(&, 0) where Z'(%, 0) = (o,;|o,; € T(U, ^ Us, 
0)),C9(&, 0) = {t |T = (ty, T2), t, € I(U,, ©)}, and СФ, 0) = (x, — 1, It, € 
I(U, , O)}. 


We note that И, nm О, = {(2;, 2,) |0 < |z| < 1,0 < |z,| < 1}, so we have 
a Laurent expansion for o,, 


©\2(2) = 5 Бр Z5. 
t, 15 nop оп U,-2((G;,,z;IO0«l|z| <1, |2, <1} so 1,(z) = 
a. У 0 орь 21!25. Similarly for t3, v;(z) = ye з oC 2125, and 
Q3 cepe m x Then H! (U) = (01,1015 = m= = unc = oo 
Amn 22%}. Hence dim H'(4, F) = +оо and since H'(&, Ф) c H'(X, P), 
dim H'(X, F) = +оо. Q.E.D. 


PRoPOsiTION 2.3. If H'(U;, 5) = 0 for all U;c 4, then H'(&, P) = 
H'(X, F) where 4 = (U jj. 


Proof. We already know that H'(4, F) c Н'(Х, F). Hence we only 
need to show the following. Let Y^ = {V,} be any locally finite covering. 
Let W = {| W;, = О, ^ Vj). Then it suffices to show that TIZ, : H'(4/) ^ 
H'(W) is surjective. Take a 1-cocycle {т} of H'(W) where с; + ©), + 
ск = 0. Then {ciziu} for each fixed i is a 1-cocycle оп the covering {W;,} of 
U;. Since H'(U;, P) = 0, HGW}, P) € H'(U;, S) givesH'({W;,}, 9) = 0 
for each i. This implies the existence of t;, € I'(W;;, S) such that o;,;, = ti, — 
t;,. Let т be the 0-cochain {т;,} on W. Then {o},,,} = {о} — ôt defines a 
1-cocycle on W which defines the same cohomology class in H'(W) as с. 
From the definition of т we see that ojii, = 0. So 0;,;, + бш, + Orig = 0 
yields 6;,,, = о. Similarly, б, = 0;,,,. Hence, Oik = о;у = сіу, and 
ol € I(U; ^ U,, F). Now we have found о! so that П (о) —6;,,,, and 
{т!к} is cohomologous to {d;a}. Hence TI% is surjective. Q.E.D. 


3. Infinitesimal Deformations 


Using cohomology groups we will give an answer to the following 
problem: Let Æ = {M,/t € B} be a complex analytic family of compact com- 
plex manifolds M, and let t = (t!, +++, t") be a local coordinate on B. The 
problem is to define (0M /ót"). 

For this we define the sheaf of germs of holomorphic vector fields. Let M 
be a complex manifold and let W be an open subset of M. Let 4 = {U}, zZ; 
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be a covering of M with coordinates patches with coordinates р > z,(p) = 
[zi(p), +, z(p)]. A holomorphic vector field Ө on W is given by a family of 
holomorphic functions (067) on И ^ U; where 


Ө = y gt 
2 AP 02 


on Wo U;. These functions should behave as follows: Оп W n^ U,, 


п д 
0 = Y 0p) — 

m Р) az? 
We want 

д д 

ш: 05 — , 

2,05 1 Oz 2 * zh ERU 

so the transition equation 


0; 


= 0p) (1) 


should be satisfied оп W ^ U; ^ U,. Thus we have a definition of local 
holomorphic vector fields and we can define germs of local holomorphic 
vector fields. As notation we denote by O the sheaf over M of germs of holo- 
morphic vector fields. (Later we shall give a formal definition of the holo- 
morphic tangent bundle of a complex manifold.) 

Next we want to define the infinitesimal deformation (0M,/0t,). First we 
consider the case В = (t| t| « r) © C. M is a complex manifold and o: 
M — В is a holomorphic map satisfying the usual conditions 


(1) М,=@ (t); 

(2) the rank of the Jacobian оѓо = 1 = dim B. 
We can find an e > 0 small enough so that 0 (Д), A = {t| |t] < e) looks as 
follows: 


J . . 
ETT (a union of a finite number 
o es M Е of open sets). 


On each 4; there should be a coordinate system 
p > [z;(p), 25(p); t(p)], 


bap t(p) — olp) and uen that Y; = {pl |25(р)| < ej. |t(p)| < ej. We write 
= (z;, t) = (2) ji 77s Zj, t). This construction is possible because rank @ = | 
These charts are а related so 


zip) = fuz) 7. zi) 1(р)] = f Go t) 
on U; ^ U,. Let О, =M, V, |t| < е. Then set 


(zj PETS t) 11251 < £j) = U,;, 
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so we can use {(21, =+: , z^)] |25] < e,) as coordinates on U,;. The transforma- 
tion 25 —f,(z,, t) depends on ¢. Consider pe 7; ^ 4; n 4,. Then р = 
(zi, t) = (zj, t) = (Zk, t). So zi = fkr, t) = ЈА, t) = ЈАС), t]. where 
Sin = ОР, Г). We set 


т дуб, t) t) д 
2 ot zt 


Obviously 0,,(t)€ I(U,; © Un, Ө,) where ©, is the sheaf of germs of holo- 
morphic vector fields on M,. 


0 (р, t) 


a 


LEMMA 3.1. 0,,(t) = ДО + O(t) on U;; Г\ Uk Г\ Ui. 


Proof. Before beginning the proof we remark that 0;; + 0;, +0,; = 0 
and 0;; = —0;, is equivalent to 0, = 0;; + Ө. To prove the lemma we 
differentiate the transition equation to get 


д/% 0f | & 0759], 
ðt at и дӧ? д 


Then 


of, 0 of, a | Off, д 
і д2 ў Gt д25 


*DEFINITION 3.1. (dM,/dt) = {0,(р, t)) € H'(M,, Ө,). We have made several 
choices in this definition and we must justify them. 


PROPOSITION 3.1. (dM ,/dt) is independent of the choice of local coordinate 
covering {z$}. 


Proof. Let {Ӯ 1) be a locally finite refinement of (4/;) such that (C4, t) 
are coordinates on Y^, where 
Y = (5, 111 <, |4 <}. 


Since {7 ,) is a refinement of (4) we have a map s: AJ such that 
Y'; € Usa. We also have holomorphic transition functions g,, where 


бл 9,0, 1t) on Y;nY,. 
Then the cocycle defined by this covering 15 
дфау д 
дї 06% 


nit) = у 
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As before s induces a map s* : {Ө} > (0,,), where 


0, (t) = Кул, с М, [05(10)]. J = 5(4), К = s(v). 


We must show that (5,,) is cohomologous to (0,,); that is, there exists a 
cochain {0,(t)} such that 


nit) c ЖО, == 0 (t) = Ө,(1). 


Since Y^, = 4, j = 5(4), there is a holomorphic g; such that 25 = 05(6,, t) on 
Y. The following equalities are clear: 


gie, t), t] = gla, t) = z} 
= fu 
= figi (51, t), t] on Y^, Y ,. 
Differentiating we obtain 
у, 007 004, ‚ до) _0/%д% NEUES 
acs д at д2Ё дї дї 
Then (2) implies [multiplying by (0/02%)] 


âz h 0 Y ôgk | Of. 0 zh д = óg* д 
© BLE eZ ( д \ дл, -— 35 
> az (as) a tb д2) Lat 0zj/ д ti ay 0 


Hence, 


(2) 


Ogs(a) E | дд) E д | 
= 0s 4 


on Y^, n Y',. Therefore if we let 


09° д 
a(t) = Y 1 


д2) 


we get n;,,—0;,,—0,— 0,. Q.E.D. 


So we see that the infinitesimal deformation, dM /dt € H'(M,, ©,) is de- 
termined uniquely by the family æ = (M,|te Bj and is thus well defined. 
If we introduce new coordinates on B, t = t(s) so that (5) #0 then the 
relation 

dM,,, aM, dt 
——— == — , — 5 
аі dt ds G) 
15 obvious. 

Now to return to the more general case, let (M,|t € B} be a family where 
B is now a general connected complex manifold. Let A be a coordinate 
neighborhood around be B and let (t',---, t") be local coordinates. Then 
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we may assume A so chosen that 07 (А) 2|), ;, a union of finitely 
many coordinate neighborhoods on each of which there are coordinates 
(z1, 7,25, 0, 7, (7), where V; = ((z;, 0| 124 « ej, te A}. Again we have 
transition functions F 


25 = } Zi, t!, Pais ci) on Ф. 


DEFINITION 3.1. (0Mj/Ot") € H'(M,,©,) is the cohomology class of 
{0 ikl y(t)} where 


"Of (Zp, t 
Fn = 2, a Р) 


If (2/01) denotes the tangent vector 


then we define 


We make the following definition: 


DEFINITION 3.2. M = {М, | гє B} is locally trivial (complex analytically) if 
each point b € B has a neighborhood A such that à ^ ! (4) = M, x A (complex 
analytically). This means that we can choose coordinates (z7, t) such that, 
25 = f%,(Z,, b) (independent of t). 

If M is locally trivial, then each M, is complex analytically homeo- 
morphic to Mo; hence M, is independent of /. 


PROPOSITION 3.2. If Æ is locally trivial then (0M /Ot") = 0. 


Proof. Trivial. 
We mention here a theorem of W. Fischer and H. Grauert (1965). 


THEOREM. If each M, is complex analytically homeomorphic to M,, then 
M 1s locally trivial. 


We now study some examples: 
EXAMPLE |. Let А bea compact Riemann surface. Fix a point a є А. 


Let w be a coordinate in a neighborhood of a point b є R such that w(b) = 
We define a family {M,) as follows: M, will be the branched two-sheeted 
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covering R, of R with branch points at a and p; t = w(p). We have the ques- 


. dM | 
tion * is "7 = 0?" Define the following neighborhoods on К: 


W, T: iwl | w| <r}, 

Wo a iwl [w] < r[2), 

И, = {w| r/4 < |w| <r}. 
We can write М, = Uo U U, U Uzt: Upee where Up = x (Wo), U, = 
n (И), n(U;) ^ Wo = o for j + 0, land zis the map x : M,— А defined by 


the covering map л: R, > К. We introduce local coordinates as follows on 
M, › ( € 3W);): 


zo - /w—ton Uo, 
z Jw оп (Л, 


and z; on U, can be an arbitrary coordinate which should be fixed and inde- 
pendent of t. Then we have 2; = f. (z,, t) for holomorphic f;, . In fact, 


20 = folz 1) = | w— to 4/22 1, 
and 
2; = fa (zy) (independent of t) 


for (j,k) €((0, 1), (1,0)). Then 6(t) = (0,(t)) has only one nonzero 
component, 


TE libe dale EE 
zi et 02, Уа 02, 22, 02, | 


Let Vo = Uo, V, =, 21 U;. Then 0(/) is а 1-cocycle on the covering Y^ = 
(Vo, V); 9(0 € H'(Y, 9) € H'(M,, 9). 

Suppose dM ,/dt = 0. Then there are holomorphic vector fields 0,(t) on 
V, such that | 


09,(t) = 0,(t) — 0o(t); 


SO 
I /d 
t)= — — | — Oct). 6 
a(t) = — (а) +009 (9 
We make the definition 
0,(t) on V, 
n(t) = үа 
= 22; (2) + 001) оп Vo. 
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Then y(t) is a vector field on M, which is holomorphic on M, — {р} and 
has a simple pole at p. 


LEMMA 3.2. If the genus g of Ris >1, then such vector fields do not exist. 


COROLLARY. If g >1, then dM,/dt z 0, that is, the conformal structure of 
the branched covering M, depends on /. 
Proof. (of lemma) By the Riemann-Hurwitz formula, we have 
X(M;) = [2 — 29(М,)] = 2x(R) – 2 


where y(M) is the Euler characteristic of M. Then the genus g(M ) equals 2g. 
By the Riemann-Roch formula [see Hirzebruch (1962)], there is a holomor- 
phic differential ф(2) =h(z)dz on M, with 2(2g) — 2 zeros since 2g — 1 > 1 > 0. 
Since у = y(z)(d/dz) has one (simple) pole, f(z) = A(z)y(z) is a meromorphic 
function on M, with more zeros than poles [2(2g) — 2 > 2]. This is impossible 
(the number of zeros equals the number of poles). Q.E.D. 


EXAMPLE 2. Ruled Surfaces (See Chapter 1, Sections 3 and 4.) Recall 
that M, = О, о U,, where each О, = C x PP! and 
(Zi, 61) 022, 02) 
if and only if 
(у = 7230, + 120, and 2, =1/z,. 
We are assuming m > 2k, k > 1. Then M, is independent of t Æ 0 for t 5 0 so 
dM [dt = 0 for t £0. 


(For this, one could use the theorem of Fischer and Grauert.) What is 
dM [dt |, - 59? Consider the covering of Mo, = (Ug, Оо}; then 


dM dt|, = @(0) € H(&, Ө) € H'(M,, Oy). 
Then 
ey = (C53 255), 21 > Filan 23); 


ауу (д А 
0, ›(0) = | ыз) (=) " al) e (Uo, ^ Ug; Ө). 


Suppose dM ,/dt = 0 at t = 0. Then 
0, 2(0) = 0; — 0, 


where each 0, is a holomorphic vector field on Uy, = C x P}. 


so that 
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LEMMA 3.3. Any holomorphic vector field on C x P' is of the form 


0 - g| =) + La? + bx + eco. 


where g, а, b, c are holomorphic functions on C. 
Assume Lemma 3.3. We have the following relations: 


(x) =al) 

0] | ath 

д VE 
(=) = па) a(z-) 


where (z,,(,) are coordinates on Uy, = C x P'. Let us compare the co- 
efficients of (0/06,) in 0, — 0, and ө, ,(0). From Equations (7), we get 


(7) 


25 = 23C2(Z2) — c1(21) 
т 1 
= 22 с›(2›) = Ci а ` 
1 


where the c,(z,) are entire functions. Expanding, 


and 0 < k < m. This is impossible. Hence, 


dM 
ar #0 


For the lemma we have: 


Proof. Let (z, () e С x P!, where © is a nonhomogeneous coordinate on 
P. At € = œ., the local coordinate on Р! is = 1/C. Restrict the vector field 
to C x P! — Сх {со} = С?. Here 


= ec ($) + ме, О(=). 


where g and h are holomorphic on C?. At oo we have 


0 - ув (7) + йе, т<). 


where ¢ = 1/у and y, В are holomorphic. Then 0f/dy = —1/n? so (0/0q) = 
— (202/0). Hence at oo, 


0 = е, m(=) - Cic. n(=), 
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since g(z, C) = y(z, n), g(z, č) is holomorphic on C x P*. So g(z, £) is constant 
as a function of C 


g(z, {) = 9(2). 
Finally, A(z, ©) = —C^f(z, n) implies that A(z, C) has a pole of order <2 at oo. 
So h(z, 0) = a(z)C? + b(z) + c(z). Q.E.D. 


REMARK 1. The dime НМ", ©] is the number of (complex) linearly in- 
dependent holomorphic vector fields on M™. We want to compute it. As 
usual, M"? = U, u U,, U, C x P}, and 


(Z,, 6) (z2, C3) 
if and only if 
Z = 5 Co = 256. 


Z2 


We must count the number of parameters involved in representing a 
0 € H°[M”, ©]. By the lemma, 


0 — 0, = ee) (zs) + (дй + мау, + (х= ) 


оп each U,, апа 0, = 0, оп U, ^ 0, . Changing coordinates, 


ү (2) (à "E 
alg) (52) = па =) - a(z-). 
о) mas 

122 02, 192 51 C, 


д 
+ (а; zi" UG + b zi + e2)23(=—) 
21 


Непсе 


ŒD 
N 
| 


д д 
о) + Lan Ф, тай, + вет” (>=) 
1 


д д 
= 0, -e(z- x) + (аф he |. 
6, 
Equating coefficients, 
д\(2,) = — zig (23), а1(21) = z1a5(z5), 


b,(z1) = b2(Z2) + mzi1g5(z3), с,(21) = 21 "C2(Z2). 
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These functions are all entire functions of z,. Let us investigate their behavior 
at z, = oo. Since 2, = 1/z,, we see that g, has a pole of order <2 at oo, a, 
has a pole of order <m at oo and c, has a zero at oo. Assume that m > 1. 
Then 

91 = 91021 +91121 +912, 

Ay — 4027 t + Aim, 

c, = 0 (by Liouville’s theorem). 


Consider the 5 terms: 
оо А со 1 1 
b, = у „23 = >: b, —— mg,o2, — mg,;, "92 —- 
n-0 n=0 21 21 
So b,(z,) = —mgiozibio. 0 depends linearly on (919,911, 0125 @0›'`°› Aims 
bio). Hence, 
dim, H°[M™, О] = т + 5. (8) 


We therefore have: 
THEOREM 3.1. M™ + M™ (complex analytically) if n # m. 
REMARK 2. M" 4 MC"7?)? topologically. 


REMARK 3. Let {M,|teC}, M, given by 


1 
- = угш s 24 EM 
22 


as before. Then M, = M™, М, = M'"^?9 for t 4 0. And we have shown 


0, fort z O0 


aM #0, fort = 0. 


Suppose we “‘reparametrize’’ and consider {M,.|s¢C}. М„ is defined by 


] 
2.k 
6,2502 + 8725, Z = —. 
22 


Then M, = М"), М, = М" 2), s #0 as above. But 
dM, dM, ds? 2sdM, 


ar ae c 


for all s € C. We know that M, independent of t implies dM ,/dt = 0. We have 
just seen that dM ,/dt = 0 does not imply that M, is independent of t. 
However, we have the following theorems: 
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THEOREM a. If dim H'(M,, ©,) is independent of t and if 0M,/dt’ = 0 for all 
у and t, then {M te B} is locally trivial and hence M, is independent of t. 


THEOREM f. The function t — H'(M,,G,) is an upper semicontinuous 
function of t. That is 


dim H'(M,, Ө) < H'(M,, ©), 


if t is in a sufficiently small neighborhood of 5; that is, 


lim dim H'(M,, ©,) < H'(M,, ®,). 


tS 


THEOREM у. If H'(M,, Ө,) = 0, then M, = М, for tina small neighborhood 
of s. 


Theorem « is proved in Kodaira and Spencer (1958a), Theorem f in 
Kodaira and Spencer (1960),and Theorem y is due to Frólicher and Nijenhuis 
(1951). Theorem f follows from some results which we wil) prove in a later 
chapter. Theorem х will not be proved here. 


DEFINITION 3.3. We say that a compact complex manifold M is rigid if, for 

any complex analytic family {М, | гє В} such that М, = M, we can find a 

neighborhood N of tọ such that М, = М, for te N. (More precisely, if 

à : M — B is the family (Mj), then @ (№) = N x M, complex analytically.) 
The following theorem follows from Theorem у. 


THEOREM 3.2. If H'(M, Ө) = 0, then M is rigid. We will give a proof of 
this using elementary methods. We have the following: 


PROBLEM. Findanexample of an M which is rigid, but H'(M, ©) = 0. 
(Not easy?) 


REMARK. Р" 1 rigid. For n > 2 the only known proof is to show H'(P", ©) 
— 0 [Bott (1957)]. Let us proceed to the proof. 


Proof. (of Theorem 3.2) The proof will be elementary in that it con- 
sists of two elementary ideas: 


(1) Construction of a formal power series, and 
(2) proof of convergence. 


The proof is actually long and computational, so please stay with us. It makes 
no difference for the proof and it makes the writing much easier if we assume 
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dim В = 1. The result is local so we may assume B = {t| |t| < r} and tg = 0. 
We can cover @ '(A,), A, = (t| |t] < €) with coordinates 
U; = (02, 915] <j, It] <). 
Then 
2; = /%к(2к,1) on U; O Ur. 


M is covered by o U? = M where 
j 


U? = {2,112 < ej)x(0) = X}. 
Then M x B = (О? x B) where for (w,, t) e О? x B, 
j 


(w;, t) (ик, t) 
if and only if 
wj = fy. 0) 
that is, 
WF = g'a(w,), where g5,(w,) = f 5,(w, , 0). (9) 


We can rephrase our result: 


THEOREM. If ô is sufficiently small there is a biholomorphic map @ of 
@~1(A;) onto M x A, such that ф: maps @~‘(t) onto M x t and g: M = 
Q !(0 > M x 0 is the identity map. 
Suppose we choose ô so that @ maps 
@ = {(2,, DIIzi «e.t <8} O< e< e 


into U? x B, (U$) € О? x B. Let (z;,t) e 4°. Then, ф(2,, t) = (w;, t) = 
[0/(2;, t), t] so on each U, Q is represented by holomorphic functions 
ф(2,, t) where ф%(2,, 0) = zz. On 4^ ^ 45, 


2) = ft); 
SO 
qz; t) = Gel exi 0] 
implies 
PILS a (zi. 0. t] = ales. 01. (10) 


Therefore we see that we can prove the theorem if we can construct holo- 
morphic functions (2, , t) on 4/5 satisfying (10) and 


q5(z;, 0) = 25. (11) 
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For simplicity we may as well assume that 4/; is of the form 
4; —(z;,0llzi«lLlt«g,M-lUUT, 


U? = (zl Iz5| < 1 + v for some v > 0) and U? > M ^ &,. If expand ojG;, t) 
into a power series, we get 


o (Z;, t) = 2) + Q ji (zj)t T 9 i:(z)t? quim se Pyjm(Z,)t™ quur 3 (12) 


where each @,,,,(Z;) is a holomorphic vector valued function. If we expand 
both sides of (10) we get 


У F (0j. s Фи) = У Gau 77 Prim) (13) 
where F, and G, are polynomials. We introduce some notation: If P(t) = 
), P," and Q(t) = У Q,t" are two power series, P(t) = Q(t) means Q, — P, 


up to n = m [that is, P(t) = Q(t) mod (1"*!)]. Therefore, to solve (formally) 
Equation (13) we need only solve 


PFS aa t), t] = дук Фк i; 0], (13), 
for each m, where 
Q"(z;,l) =Z; to + P jmt". (14) 
First consider m — 1. We have 
Zj = } (20,1) = 9 (240) + È far" 
Using (13),, 


g iix) + Sic (Zt + Pilg (20): = gilr + x \1(z,)t] 


0g ES Zk) 5 


= = gni) + PERS фе 102). 


So 


02% 
1 02, 


(0) (8) л) 


belongs to H'(M, Ө). By assumption H'(M, Ө) = 0 so (0 jk] 15 cohomologous 
to zero. But Equation (13), says we must find (9,,,) so that 05, = Pkji — 
Фу. H'(M, Ө) = 0 allows us to do this so the first step in an induction proof 
is completed. 


Га) = = p P = 9) — Ф162). (13), 


Now 
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Assume that Q7 (z;, t) are determined so that Equation (13), holds, that 
is, Q7 (fu) — gu OL) = Lj t"*'. We must show that @j)m+i(z;) can be 


т+ 1 


determined so that g?*? 


97 * 7, (а, 0), t] – 9 „(фи ) = 0. 
т+ 


= Ф" + Ф; m4i1t" ^. satisfies (13), ү, which is 


This is equivalent to 
95 fa) + Флт+ Сабк, ӨТ"! = IlO, t) + 9qusi(z): £"77]. 
m 


We use 


P im 1L jkk Dl" = jIm- LÁ AG; 0)]"*! 


m+1 


and /,(2,, 0) = gj(z,) = zj to get 


т+ 1 


02“ 
ФСЈ) + Фдт+ (zt! = 95, (фк) + х az Piim+ (z) t. 
k 


Here we have used 


[е4 т a m 0g; m У 
gx + у) = glok) + Э 27 (фт)у? + Y (—)y’y” +, 


OG ji 
ду? 


т+ 1 


IPR + Фит+1Ї" +’) = Gul Pe) + У = orle, 10k met, 


and o7'(z,,t) = z, +°::. So if we can solve 


a 


д2“ 
F(z) = >, 3 Qum (Z4) — 951m 102) (15) 
В OZ, 


for Фф" „+1 we will have (13),,,,. Let 
Н д 
Г к = D V5) az" , 


0 
Q т+1 = 2 oSm CDa): 


Then we want to solve Ij, = Фф, (s41— Ф; |m+1- We claim that {Г „} is a cocycle 
[belongs to H'(M, Ө)]. Then we would be done as before, since H'(M, Ө) 
= 0 and {Г} must be a coboundary, Г, = 0, — 0;, and set 0;,,,,, = 0j. 
LEMMA 3.4. {I°,,}isacocycle, thatis, Г, = Г, + Гоп; п Y; o кс M. 
That 1s, 


п 02? 
D) = T(z) + у 37) T^, (2). 
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Proof. By definition 
La(zj)"*! = ria ‚ t), t] — [Фк (zi. 0], 
mt+ 
SO 
Jil Px) = 9:19 (0x )] = gue; Uo = Г [7 я; 
m+ 


Now I, "1 = ФО) — 9 (Фк) and 


т+ 1 


д ij m m+ 
gu 073) — Гат = 0197001 У SU (or f alze t)]) F5, + 


B 0z^ 
So 


0z% m 
Lie = 9i Lfa Zi , t), t] = gie; gx. t) ] x у д В ret ре 
т+ 1 В 2} 
Oz; 
i В „т+1 


= OUSE 0. (0. 0 — 9070, 01 >. 
By assumption 
9; Lfi(z;. t), t] — gulor (zj, DST up, 
Eos Vul (к, ӨН"! — 


Hence 
à à д2? тр 
F(z) = Г (2) + у Oz? I5). Q.E.D. 
j 


This finishes the construction of the formal power series 
9,(z;, t) = z; + jutt, 
z;EU; AM, Y;a М = {2 |21 < 1} 


such that o;[ / (2, t)] = 94 [9X (z,, t)] as formal power series. 


LEMMA 3.5. The power series ф (2;, t) converges for |t| < д for some small 
д> 0. 


Proof. We dominate o; with a convergent series. We fix some notation. 

Let (2,1) 2) 2.9, (z)" be a power series where y,,(z) -[V1(z),--*, 
"(2)] ze U. Let a(t) = ) 2.9 a, t", а„ > 0 be a series with real, positive co- 
efficients. We write v(z, t) <a(t) and say that a(t) dominates w(z, t) if 
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liz(z)| < a, for all ze U and all х = 1, ---, n. The norm of у, is |W,,| = 
max sup |#(2)|. Consider the series 
a zeU 


where b and c are constants to be determined later. Then 


со cn Lym 
A(t) = m 2 =| 
converges for |t| < 1/c. In Lemma 3.5 it suffices to prove 


Qj, t) — z; < A(t). (16) 


In fact, it suffices to prove 
Q(z;, t) — 2; < A(t) Ilot»i-l,2,3,**-. (16),, 


First, we prove: 


LEMMA 3.6. [AWT <(b/c)A(t). 


Proof. [AHP = тє xz) LÀ, Р га 


Since 


1 К 1 
i k+m=n т?к? ' 
m<k 


1 = 2 У 1 2 8 x^ _ 16 
mt+k=n т?к i (n|2Y? m=1 m? B n? 6 n? | 
Непсе, 
(ct)" b b 2 (ct)" 
AWF < J ў -— Е. 
OES s 2, п? с п? Е, 


COROLLARY. A"(t) < (b[c)" Tt A(t). 
Let us prove (16), : We want to show that 


b 
9; 1t « A(t) — 16 Qr) 
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It is enough to prove [95 ,(z;)| x 5/16. From (13),, 
02% А Я i 
У, 220 Diy (zi) = Qi1(z;) = Ју): 


We may (perhaps by shrinking U,, to U* so that U U* = М) assume that the 
given functions fjg]; are bounded. Also the o;,,(z;) are holomorphic on Ut 
and we may, therefore, assume a finite upper bound for all of them. (Com- 
pactness is needed for these statements.) So we see (16), is satisfied for b large 
enough. 

By induction, assume (16),, and let us prove (16),,,,. Remember 


т+1 


9; = OF + 9; m+i(Ze" 
А д2; 
F(z) = p E. ^B 3 Om 1 (Zi) = 951m 1(2j ), 


апа 


Г (zt? = OT a >t), t] — olor (Zz, t)]. 


We fix some more notation: For Y(t) = У y,,t”, let 


ЦИС) 1+. = V QU 
Then 


Гк pti LOPS zx ,Üll«i- [9 L0 CZ; аах 
Remember the definitions of U; and 0%, О, c UÑ . Then (т) is defined on 


U? ^ ОВ and „(2 + у), y = Qu ``", Yn) is holomorphic for z, € U; o U,, 
|у| < v. So there is ак >0 so that 


g i (zy + y) < 2, "O: еке ыу у", (17) 


For the moment, let w,(z, Г) = o7(z% t)— zk. We want to estimate 
[9 (Фк) Im+1 = [9 (26 + 0) 1+ Where m 1 > 2. But, 


д 
CI klk + к)]в+1 = [Ке +ý) – 2; – Liat А а (Zu VAC » | 


since w,(z,,t) is a polynomial of degree < т in t. From Equation (17), 
we get 


д9 
б 3) – 23 У, mee «Y ку, + c y, 
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hence, 


[a 2s Vd < У uA COT 


00 b r—-1 
< A(t) У e) 
r=2 C 


00 к?п?Ь 1 

7 c 1—(knb]c)’ 

because by induction y, < A(t). If we choose c so large that (xnb/c) < 4, then 
2k?^n?b 


{9 „Ф (21, )]} +1 < A(t). (18) 


Now we want to estimate 
Г (2): = ejl ae t, t] —9u[ox (zs, 0]. 
mt+ 
Remember that Г 15 a cocycle so 


i-TeED „on О, n О, т U,, 


where U; satisfies U; ={z;| |z;| < 1). We choose U? c U;, О* ={z; |z,| < 
1 — f) such that U Uf = M. It suffices to estimate Г,„(2,) for ze U? a U;, 
for take any z€ U; ^ U,, then ze ОЎ for some i, and 


D$) = » TY e(z) — T2. 


Then if DLj(z)t"*' < B(t) for ze Ua Uk, Vy(zpt"*! < K,B(t) for 

ze О? г U,, where 

д2% | 

az? |J 

So consider ф?7[ fji(z,, t), t] for ze UF ^ U,. Expanding f;,, 
Fi D = Z; + Spey (Zt + 


we see we may assume that 


К, = 2n max (sup 


i, j 


bo p (Co 2A | 


1l6c9 m=1 т 


0 (20, t) = fa(z,, t) — z; < A(t) = 
for small ? and some constants by, со. Our induction hypothesis is 


Q;—2;- 2, Фуд « A(t)=) a, t". 
u= i 
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Since each 9 ;,, is holomorphic, we get a power series 


Ф 4; 23 y) н Q iu Z j) = Р > Cy, "mU UU Vie 


+ +у„>]1 


where 


] \" 9j (z; + y) 
bou] Pe REO ai d 
PLI 
Since |9;,,,| < a, for some constant a, , on |y,| = f, we see that 

EE ES CN 


We thus obtain 


» yey. 


9 A; + y) n O jiu j) < a, Vitor tun ` 
vit e tu, > 1 p 
Summing we get 
"P = g ш Vi уп" 
Q(z; + у, 1) — ф7(;, 1) < Уа,ї у, uS TE (19) 
и> 1 Е f 


Again, since ф'"(2;, t) only has terms of degree < m in /" we obtain 
HEME , t), t]]««i = [o 5 (zj, O ik , 1) z o; (zj , t) in +1 : 
Using (19) we get 


Ag vit * Vn 
[oj Lf aa 0), (Ime: < AO + 2 m21 m 


ө] GT- 


The corollary to Lemma 3.6 gives A,(t)” < (bglcg)" ! Ao(t), so 


ÈT- spe ERG) о. 
= [ traag) — Í. 


Since we have chosen c, so that Ao(t) > fj,(Z,,¢) — Zk, we may replace co 
with a larger constant and assume that 2,/2с, < +. Then 


ри (Jl cube | + 2 AO = 
Ape GT 


Urn) 
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where К, is a constant depending only on n, fj, by, and cg. Thus, 


DUPCDINME F A(t)Ap(t). 


We may assume b > by, c > cg and then A(t) > A(t), so 
K К.Б 
— A,(t)A(t) < — - A(t). 
p pc 
Finally, 


ГИ" = [oT faz, , t), Wnts — Гоф, 11s i 


< Е = ж) : A(t), 


for ze UF n U,. Hence 


K b 
Tt"! < к 5 + iw) : A(t), (20) 


for zE U; ^ U,. Now 


0z^ А 
jk = 53 =F Qm 1( Zk) — im^ 1(z;) 
Oz; 


and we want to estimate q^, 4,(z;). As before, consider Г = У Г%(2 )(д/д2%), 
9 m1 = 2, Piim+1(0/025). With these notations, Гу = 94,41 — Pjim+i- At 
this point we need a lemma which plays a crucial role in arguments of this 
type. Let Г = (Lj be a 1-cocycle where Г, is a holomorphic vector field on 
О, ^ U,. Let y = (y;) be an 0-cochain where y; is a holomorphic vector 
field on U;. We define 


Ci = max sup max |I%,(z,)I. 
jk zeUjoUk a 


||| = max sup max [y jz j)I. 
j 260; a 


LEMMA 3.7. There exists a constant K such that if I' is cohomologous to 0, 
then we can find y with ow = Г satisfying ||W|| << ||| where M is a compact 
complex manifold, H'(M, ©) need not be zero, and К does not depend on Г. 


Proof. Remember U; = (z,| |z7| < 1} and U7(zjl|z7| < 1 — В). Suppose 
the lemma 15 not true. Let 
t(T) = (lvl l óv = Г} < +оо. 


If «(D) < K | l|, then there is y such that dy = Гапа |v|| <(K + 1)||E |. Thus 
if the lemma is false, «(L)/| || is unbounded. Hence there is a sequence {I} 
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such that «(I ?]/|I?|| 2 oo as v оо. Replace I? with T?/2[T(?]. Then 
t[T(?] = 1 and |[I || 2 0. Hence we can find (yí?) holomorphic оп U, so 
that ||? || <2 and TX? = {y} = Wf? — y. By Vitali's theorem we can 
select a subsequence (iU?) such that yf"? (z;) converges uniformly on U*. 
If z e U, then z is in some U7. Hence for each k, ("^ (z) = yf'Xz) + Г (2) 
converges uniformly on U, so qf"? (z)— y,(z) uniformly on U,. Since 
To) 2 0, Wz) = v,(z) оп U;j ^ U,. Let f? =) — y;. Then T$? = 
pi? — 02. But ||| <4 for large v, and thus «[T C7] < 4. This contra- 
diction proves the lemma. Q.E.D. 


By Lemma 3.7 we can find K and 19;,,,,) so that Py, = 941,41 — Фди+1 
and |ф„+:1 < КГ. Hence 


K,\ b 
Q jm (Zt * < KK, [2v + *) 5 A(t). 


We can choose c so large that KK,Qx^n* + K,/B)(b/c) < 1. Then Фф, +: 
{"+1 < A(t) so 97*!(z;, t) — 2; < A(t). This completes the induction and 
proves that ,(z;, t) — z; converges for small ¢, thus finishing the proof of 
the theorem. Q.E.D. 


There 1s the following: 


THEOREM. [Kodaira, Nirenberg, and Spencer, (1958)] Assume Н?(М, Ө) = 0 
(M is compact complex as always). Then for any element 0 € H'(M, Ө), there 


is a complex analytic family (M, |t| <r, к> 0), such that М, = M and 
(dM,/dt),-9 = Ө. 


PROBLEM. Find an elementary proof of this. (In the analogous idea of 
proof the convergence gives trouble.) 
We also have the completeness theorems. 


DEFINITION 3.4. We say that the family (Z7, B, ©) is complete at be B if, 
for any family (v, A, л) such that л (а) = © !(b) = M, there is a neighbor- 
hood Уза and holomorphic maps Ф:л (О) 2.Z, Л: U B such that 
h(a) — b, 


n (0) ———э.# 


U —— В 


Е commutes, 


Ф maps zx !'(s) biholomorphically onto @ '[A(s)] for each se U, and 
Q:z а) = M, M, is the identity map. 
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Roughly, (JZ, B, ©) is complete if it contains all sufficiently small defor- 
mations of M,. The (holomorphic) tangent space T, at b is the set 


aliie 

0t| 0t. , £4 '\д/]` 

The map p,:(0/0t) > (0M,/0t), ., € H'(M,, Ө) defines a linear map 
T, — H'(M,, Q,). 


mM: 


THEOREM. [of completeness; see Kodaira and Spencer (1958b)] If 
рТ) = H'(M,, 9), then (4, B, à) is complete at b. 


REMARKS. (1) Theorem 3.2 is a corollary of this theorem. (2) This theorem 
of completeness can be proved by the same elementary method used to prove 
Theorem 3.2. 


4. Exact Sequences 


As usual X is a paracompact Hausdorff space, Z is a sheaf over X and 
Q : F — X is its projection map. 
DEFINITION 4.1. S'S S is a subsheaf if 


(1) Z is open, 
(2) ao”) =X, 
(3) c !(x)n F = F. is an R-submodule of S. 


Let S” be a sheaf over X with projection @”. 


DEFINITION 4.2. A homomorphism h of F into S” is a continuous map of 
F into S” such that 


(1) o'»h-o, 
(2 h:4,- Fis an R-homomorphism. 


REMARK. Л is a local homeomorphism. We define the kernel of h to be 
ker h = {s | h (s) = 0} where “t = 0" means t = 0, є S.. 


LEMMA 4.1. ker A is a subsheaf of S. 


LEMMA 4.2. A(S) is a subsheaf of S”. 
The proofs are left to the reader. 
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Let SY’ є F bea subsheaf. Let О, = S/F which is an R-module. Define 
р: <, — О, to be the natural homomorphism. Let О = | ),. x О„. Define x 
on О by z(Q,) = x; his defined A : S > Q by h(s) = h,(s) forse S. We give 
О a topology by saying 4 is open if and only if Л !(4/) is open in 4 (the 
quotient topology). 


LEMMA 4.3. Qisa sheaf and h:  — О is a surjective homomorphism. 


Proof. Left to the reader. 


DEFINITION 4.3. О is the quotient sheaf of S by F’ and we write О =S |F". 


A sequence 
ho hi hn hati 
degree a шиш Ои жиш 


of sheaves is exact if A, (5^,) = ker(A,,,) for all v. 

Suppose given sheaves Y and S” over X and a homomorphism h: — 
SF". Let U be an open subset of X and F(U, S) be the set of all sections of S 
over U, Then h » c e I(U, 9") if c € I(U, 5) so А induces а тард: I(U, S) 
— I(U, 9"). Let Y = {U,} be a locally finite covering and CV, S) be the 
space of q-cochains c! = {o,,...;,} where ojoj EITUR 9 OU; P) 
Then ^ induces а map A : CU, S) > CAU, S”) defined by A ct = (ho, ... у). 
Then we have: 


LEMMA 4.4. род = дё ой. 


Proof. Obvious. 


Hence A maps Z(Y, S) into Z*(4, S”) and thus h induces a homo- 
morphism A: H*(&, Ф) ^ НЧ, 9"). Let W = (Y^, be a refinement of 
Ж, Ж > Ф. Then 


HU, 5^) — — H*(4t, 9") 
п, п“, 


HUW, 9) — 95 H'( P") 


commutes. Hence A induces a homomorphism Л: HX, S) > H*(X, S”). 
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THEOREM 4.]. Assume that 
02 5 AS" +0 
is exact. Then there is a homomorphism ó* such that 
0 —— H*(X, $^) — 9 H(X, 9) ——> H*(X, 9") 


ux cy: S') —— 5 H(X, 9g )———— ·:: 


15 exact. 


Proof. i is injective so SY’ = iF’) c 9, and i(5^) = ker л. Thus we 
consider 2' c S where S’ = ker h and i is the inclusion map. Recall that 
НХ, S) = ZWX, 9) = I(X, 9). Since Г(Х, Ф) c I(X, S), we see that 
0 H*(X, 9") 5 НХ, 9) is exact. If o e (X, S), then ho = 0 if and only 
if o e (X, 9); so НХ, 9") > НХ, 9) > НО(Х, S”) is exact. 


LEMMA 4.5. H*(X, 9) S H*(X, 9") 3. H(X, ¥’) is exact (where we 
must define 6*). 


Proof. Leto" eT(X, S”). Since h is a local homomorphism there is а 
section t, € I(U,, S) over a small neighborhood U, of y such that Л t,(x) = 
с"(х) for хє U,. Now (U,| y e Xj covers X and we have a locally finite 
refinement 4 = (U;j of {U,}, that is, there is a map j y(j) such that 
U; € Uy. Set t; = ry; t € IQU;, S). Then Л т, = о" where defined. Let 
c? = (1) e c? (Y, S). Then: 


DEFINITION (4.4),. ó*o" = [c°] e НХ, 9) where for any сє 240, P), 
[c1] denotes the cohomology class in H*(X, S) of с“. (One should check that 
ó* is well defined.) 


Since óc? = (1, — 1). and ht, —ht;=0" — o" = 0, we see that óc? є 
Z'(U, F’) so Definition (4.4), makes sense. Exactness means 6*o” = 0 if and 
only if c" = ho for some сє Г(Х, S). So suppose ó*o" = [óc?] = 0. Then 
óc? = óc? where с? = (v e cU, 9"). So с°—с° =тє7°(Х, S)= 
Г(Х 4), and ho = hc? = {рт} = o". Now suppose c" = ho. Then A(t; — о) = 
0, so v«j—co €I(U;, S’). Set co = {7;—0) = со – сє CU, F’). Then 
дс, = дсо since o є Z°(X, S) and hence ó*o" = [ôco] = [5с] = 0. Q.E.D. 

We now turn to check that 


H*(X, 97") — H(X, 9") —— H(X, 9) 
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is exact. Take с! eZ!(&, 9). If [c! ] = д*о" = [óc?], then i[c! ] = 0, and 
if i[c! ] = 0, then с! = ôc?; so 0 = Ac! = hóc? = óhc9. Thus Ac? defines an 
element o” e Г(Х, S”). By definition, [c! ] = ó*o". 

We want to prove exactness 


——+ H'(X, F) ——9 HX, 4) —— 


HX, 9") —— HĦ (X, 9) ——5. 


LEMMA 4.6. Given c” e C*(&, <"), then wecan find a locally finite refinement 
W and с“ e СУ, 5) so that ПХ. c?" = he’. 


Proof. We give proof for g=2. Let 4 = (Uj, c" = {с}, where 
ок € I(U; ^ U; ^ U,, S”). Choose a covering Y^ = (Vj) such that V; c U}. 
Since & is locally finite, a given y є X belongs to only finitely many U;. We 
choose a neighborhood №, of y sufficiently small so that 


(1) if y e U, ^ О; ^ U, there is te T(N,, S) with ог (х) = Ат(х) for 
x € N, (remember A is a local homeomorphism), 

(2) for each y there is V; such that N, c V;, 

(3 ЕМ ^ V; € ф then №, c Uy. 


Then (N,|y e Xj covers X and we can choose W = {W,} a locally finite 
refinement of (N,). Hence there is a map 4 9 y, such that И, c N,, . By (2) 
№, € Vj,, so W >V > Ф. Define т = {tin} E CW, S) as follows: we 
have W, c Vi, W,CV;, W, cC, where i=j}, Ј = Ј,, К = ј,. Ву (3) if 
№, п Vj; à, №, c U;, and №, AV, #@ gives N,, с U,, and so on. We 
are assuming И, n W, ^ W, #9, and W, c №, c Vi, and so on. Hence it 
follows that y; € N,, c Up ^ О, ^ U,. By (1) C(x) =ht(x) for xe N, 
where t € I(N,, , S). Let ty, = Ру, aw, а т, (1). Then 


"ái 
ht; = l'win „с И Олы» : 


Let c? = (1,,,). Then лс? = П c". Q.E.D. 
Let us prove that 


HX, 4) ——. H(X, 9) —— HXS") 


is exact. hi = 0 is clear. Suppose тє H(X, F) and hy = 0. Then у = [c?], 
cle ZU, S) for some Y and Ihc? = óc* " for some W and c* " e 
CY, 9"). By the lemma Пус"! = ht! for some W and t* ! € 
C*- 19, S). Thus 


hILc-—hót* !—-0, во ПЁ с – 07! = с 


where c e Z*(W^, S') <CXW, $9). Finally we get у = [c1] = [с] so 
n = іу where у = [с] e H(X, ©"). 
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Next we prove that 


H(X, 9) ——9 HX, 4") — HH (X, F’) 


is exact. We must define 6*. Take т e H(X, S”). Then т = [с], c” e 
ZU, 9^"). By the lemma there is є H( W, S) such that h t^ = MZ c^". 


DEFINITION 4.4. 6*y” = [ót*] e H** (X, ^). Again we should check that ó* 
is well defined. For the moment denote TI% by II. Suppose ё*у = 0. Then 
IIót? = ób*' for some b” є C(W, $^"). Thus (П: — Б) = 0 and Tt? — b! = 
сї є Zt (o»y'", Ф). So let у = [с] e H(X ,f). Then hy = [лс] = [II А = 
[II c?"] = n”. Suppose conversely that n” = hy. Let у = [ct]. Then п" = [лс] 
and At? = П лс" by definition of tf. So t? — Пс“ = a” e CAW, SF’) and ó*q" = 
[017] = [óa*']. Thus ó*4" = 0. 


Finally we prove that 
H(X, 9") — H+ 4X, Z) ——> H+ X, 9) 
is exact. Certainly i ó*4" = 0. Since by definition ó*q = [914] where ft? e С“ 
(W, F) so i*n = 0. Suppose in = 0, у = [с Je НХ, <"). Then 


IIc** = ót* for t*e C'(W^, S). Then 0= 0 Ае 24(0, S") and у" = 
[^t*] e H*(X, S”). Since 6*n” = [517] = у’ we are finished. Q.E.D. 


[If the reader wishes more details for these elementary properties of sheaves 


he may consult Hirzebruch (1962). | 
Next we prove functoriality. 


THEOREM 4.2. If 


үти, КЕ СУ жЕ ЕСЕ. es | 
Is exact and commutative, then 
O—+ H*(X, 9") —9 H*(X, 9) —-— HX, 9")—-— НЦХ, #')——... 
AN MA 
0» НХ, 7) — HX, 7) —9 H(X, 7") — H(X, 7) — -- 


IS exact and commutative. 
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Proof. We need only prove commutativity. We check that 


H*(X, 4") ——> H+ X, 9") 


Й G 
H*(X, 47") —— H (X, 7") 
commutes. The rest is easy. Let n” e H(X, S”. Then there isc? є Z*(W^, S”) 
and t* € С, SF) such that y” = [с] and с“ = ди“. Thus ó*q" = [5]. 


However, Q'ó*n" = [o'ót*^] = [ógt*], and o"n” = [q"ht*] = [o ht*] = [A фі]. 
Thus ó*o"n" = [ô фі] = q'ó*q'. Q.E.D. 


We give a brief discussion of fine sheaves. 


DEFINITION 4.5. is a fine sheaf if for any locally finite covering {U,} of X 
there exists a set {h;} of homomorphisms Л,: 9 > F such that 


(1) h; F, =0 for x € W, where W, © О, is a closed subset of U;, 
(2) Y h,- id. 
j 


EXAMPLE. Let 2 be the sheaf of germs of differentiable functons on 
a differentiable manifold X. We have a partition of unity subordinate to U;; 
that is, a set {p,} of differentiable functions p; = р(х) on X such that 


(D pfx) =0 for x¢ W, 
(2) > Pj = 1. 


For any local differentiable function f = f(x) on X, define h, f= р(х) f(x). 
Then ^; induces a homomorphism A; : 2 — 2. Using these {Л} we see that 
9 is fine. 


THEOREM 4.3. If 9 is a fine, then H*(X, f) = 0 for g > 1. 


Proof. We give the proof for the case g=2. Let с? be a cocycle, 
c? = (oiu) e Z'(&, S), with ej, € I(U; ^ U; ^ U,, 4). By fine-ness we 
have the {h,} in Definition 4.5. Since дс? = 0, if U; ^ U; ^ U, N U, + $ then 
Ou; — Oi; + Oije — Oije = 0. Since А; с; „(х) = 0 for x € W;, h;o;j, can be ex- 


tended to т, „є I(U; ^ U,, F) by setting т, „(х) = Oforxe О; ^ U, — Wi. 


For fixed (j, k) we have only a finite number of U; with U; NU; ^ U, # Фф 
and for each i we have т; from h;c;j,. We set т = ti. Then 


hy 6 jke = hio, — Рас: һб. 
Thus 64, = Tae — tj; + Ту SO c? = дс! where c! = {ту}. It is easy to give this 
proof for any q 2 1. Q.E.D. 
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5. Vector Bundles 


We give a brief review of vector bundles. Again, a good reference for 
this section is Hirzebruch (1962). Let M be a complex (differentiable) 
manifold. 


DEFINITION 5.1. Ву a complex analytic (differentiable) vector bundle (C" or 
R" bundle) we mean a complex (differentiable) manifold F together with a 
holomorphic (differentiable) map л: Е» M onto M such that, for a suf- 
ficiently fine locally finite covering 4 = {U,} of M: 


(1) There is an analytic (differentiable) equivalence f; between л !(U ;) 
and U, x C" (or О; x К") such that 


n^ (U)——9 U, x €" 
| |^ 
id 
Dese 


commutes, where л Ke; 350) = 
(2) If(z, C "opere i U, x x С" (or U, х R") and (z, čt, ++, (eU, x C" 
(ог О. x R^), then 


Feli G Guts “oly = Y ЛӘМ. 
where f;,,,(z) are holomorphic (differentiable) functions on U; ^ U,. In vector 
notation / is the matrix (fike) and $; = (6 , "77, 63), апа shen 
C; m faz) oy forze U; ^ Uk. 


We call x^ ! (2) the fibre of F over. By (1) and (2) we can give it a vector space 
structure л '(z)=zx С" [огл (2) =z x R"]. 


DEFINITION 5.2. We say that F and F’ are holomorphically (or differentiably) 
equivalent if there is a biholomorphic (bidifferentiable) map р: Е F’ such 
that 


tes. 
(1) F ? F commutes 
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(2) On each fibre ф is a linear transformation, that is, if U, is chosen as 
in Definition 5.1, then there is a holomorphic (differentiable) matrix-valued 
function ^; on U; such that f; ° o o f7* =h,, that is, C, =), й? (2) (5. 

In particular, if Fisa С! bundle and Fis trivial over О, (that is, л (О) = 
U; x C), then ze U; o U, implies that (z, ¢;) is identified with (z, б) if and 
only if č; = f;,(z)¢, where f;,(z) is a nonvanishing holomorphic (differentiable 
function) of z e U; ^ U,. Let 0* (or 2*) be the sheaf over M of nonvanishing 
holomorphic (or differentiable) functions in which the module operation on 
each stalk is multiplication and the ring А = Z so here instead of af(z) + В g(z) 
we have [f(z)]*[g(z)]*, a, B є 7. Consider f;, as an element of 


oes) 


On U; ^ О; ^ О, we have 
Лк) = f i GM a CO. 


Hence {f} є 4 (4, O* (or 2*)) and two bundles Е and F’ are equivalent 
if there are nonvanishing functions / (2) on U, such that f; ' ohjof; = 
fü * oh, of, on О, г Up. This is equivalent to 


nne = (2) f (z)h (2) 


or (fj) = (fi) êth}, that is, {f/,} is cohomologous to {fx}. Thus an 
equivalence class of bundles defines an element [{ /,)] e H'(4, O*(or 2*)) = 
H'(M, 0*(or 2*)). Conversely it is easy to construct a bundle from an ele- 
ment of НМ, 0*(or 2*)). Thus we have а 1-1 correspondence between 
equivalence classes of C! bundles and classes in H'(M, O*(or 2*)). We shall 
always identify equivalent С! bundles and we call H'(M, O*(or 2*)) the 
group of C! bundles over M. It has a natural group structure if we define 
F:G—ifgigyg) where F = {fi} and G = (gy. 

We construct an important invariant of C! bundles. For any germ of a 
holomorphic function f, е?" є (*. Thus we get an exact sequence 


0020 э 0* > 0, 


where Z 15 the sheaf of germs of locally constant integer valued functions on 
M. We also have the following commuting, exact diagram: 


0——4Z dq 


| 


0 ———2À Z + 0 + шыш 
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since ( c 9 and @* c Z*. This yields the exact commutative sequences 


--: —> HM, Z) ——> НМ, 0) —— H'(M, (*) 
нм, Z)——— Н?(М, 0) —» :: 


vo > НМ, Z) —— НҶМ, 2) —— — H'(M, д”) 
—" 5 HM, Z) —— H?(M, g)——-::. 


Now 9 is a fine sheaf, so НМ, 2) = 0 for q > 1. Thus ó* is an isomorphism 
ó* : H (M, 2*) > H*(M, Z). 


DEFINITION 5.3. c(F) = ó*(F) is the (first) Chern class of Е. 


We remark that c(F) = c(G) if and only if o(F) and Ф(С) are equal in 
H'(M, 2*) where р: H'(M, 0*) ^ H'(M, 2*) is induced by 0* c 2*, where 
F, Ge H'(M, 0*). Hence F and G are differentiably equivalent; that is, there 
are nonvanishing differentiable functions A; such that {f} = (Ah; gy, 4, !) 
where F = (fj), С = {9 jk}. Thus: 


PROPOSITION 5.1. The Chern class c(F) of a complex analytic C! bundle 
represents the differentiable equivalence class of F. 


Let us give an explicit description of c(F). If F = (fij, Л; Sin’ Sei = | 
and 


log fi; + log fj, + log fki = 2лі с, 


where i = 4/ — 1. Then c(F) = {с} є H?(M, Z). 

Next consider C" bundles. Let n > z and F be a C" bundle defined by 
Uf. Let © be the sheaf over M of germs of matrix-valued holomorphic 
functions f(z) = fg(z) with det f;(z) # 0 where the module operation is matrix 
multiplication. Note that the operation is not commutative. We cannot define 
the higher cohomology groups of © but we can define the following objects: 
Let 4/ = (U;) be a locally finite open covering of X. A O-cochain c? = {fj}, 
f; € Y(U;, ©) is a set of sections of © over U;;a l-cochain с' = {f;,} where 
fj € Гу, ©); a 1-cocycle c' is a 1-cochain such that faz) = fiz) : faz) for 
ze U, n О; n U,. Let Z (4t, ©) be the set of all 1-cocycles. We note that 
Z (t, ©) is not a group. 


DEFINITION 5.4. We say that {f} and (gi) e Z!(&, ©) are equivalent if 
there exists {h,} such that gj, = А, f, h, '. Let H'(&, ©) be the set of equiva- 
lence classes of 1-cocycles. We define H'(M, ©) = іт H'(4, ©). 

ay 
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PROPOSITION 5.2. Each element of H'(M, G) represents an equivalence class 
of complex analytic C" bundles. 


Proof. Left to the reader. 


We now list some methods of forming new bundles from old bundles. 
Let F be a C" bundle, С be a C" bundle, # = {О} a trivializing covering and 
F = (fij, © = {ду}. We define the following new objects: 

(1) Whitney Sum ЕФ С. This is а C"*" bundle which is defined by 
the cocycle {Л} where 

h (2) = ks 0 ). 


0 9 ik 


(2) Tensor Product F®G. This is a C"" bundle defined by {Л} where 


11 Ut- 112. BIL o. 2 qii 
hy; ha hy; Ат 

= 21. 41434 
cU Nam 


and here Avis, =fie Ginn. A point in F®G has coordinates (z, C^, +, 
im +++, ту, where (2, £j) and (z, ¢,) are identified for ze U; ^ U, if and 
only if 


CF = Y fa 20. XE". 


(3) Dual bundle F* of Е. This is the bundle defined by {fj} where 
/% = Gn) = (f) which is the transposed inverse of f;,. Then (z, (7^) is 
identified with (z, (£^) if and only if 


ыш у O = Fo z^. 


Sometimes we write £7, for $$. Then we have 
* _ 5 ж 
ја SULLO 


(4) Complex Conjugate F of F. This bundle is defined by the cocycle 
Vi jk}. 


Let us now define subbundles and quotient bundles. Suppose that, by a 
suitable choice of 4 = {U,} and of fibre coordinates (7, the matrices f;, in 
the 1-сосусіе { f;,} defining F can be written as follows: 


_ [Ах By 
Л; =(% Cu) 
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Hence /2,(2) = 0 for 1 x < m, m-- 1 «a € n. Thus $ = У. „1 Гв th for 
а> т, e ee then (5 = 0 for a > m. Let = UU, x С" 
where C" = ((C1, =, C5, :,0); © С", and we identify (z, £j) and. (z, б) 
if C; = A (Zek. Then F' is a subbundle of F. The quotient bundle Е" = F/F’ 
is a C" " bundle defined by the 1-cocycle (Cj. 


DEFINITION 5.5. A holomorphic (or differentiable) section of F over U = M 
is a holomorphic (differentiable) map ф:2— ф(2) of U—F such that 
лф(2) = z where F is a holomorphic (or differentiable) C" bundle. 

Wesee that locally is a set of n-functions. Since local sections and germs 
of sections are defined, we get a sheaf of germs of sections of F. We denote 
by O(F) (or 2(Е)) for sheaf over M of germs of holomorphic (or differentiable) 
sections of F. Then locally, O(F) = € |U,; :::& 0| U; (sum n-times), where 
0 | U, means restricted to U, and 0,(F) = 0, :: © €, (n-times). 

We now review tangent bundles and tensor bundles. Let M be a complex 
manifold and (U;) an open covering of M with coordinate patches with co- 
ordinates (2, +++, 2") on U;. A (holomorphic) tangent vector at z is an element 
of the form v — bom 1 60/025). It is easy to see that the set ТМ) of all com- 
plex tangent vectors at 2 is a complex vector space T,(M) = C". If ze U, 
another chart at z, then we identify Уэ, Ci(0/0zt) with У (5(0/025) if 


: a a a 2} 
= JP EA dm о — 


This is a linear identification so the vector space structure of T,(M) is well 
defined. The set T(M) = ( )„=м Т.М) is a complex analytic vector bundle de- 
fined by the 1-cocycle (/5,,(z)). T(M) is the holomorphic tangent bundle of M. 
T(M) is the conjugate (holomorphic) tangent bundle of M. And J (M) = 
T(M)@ T(M) is the (complexified) tangent bundle of M. Then Ө, the sheaf 
of germs of holomorphic vector fields, is O(T(M)). 

If M is a differentiable manifold with local coordinates (x1, +++, х"), then 
the (complex) tangent bundle Z(M) = |J, 2 (М), where 


FT (M)- [ele = yas . ес) 
Xj 
The real tangent bundle Z (М) = xem 7 ,,(M), where 


740 = |р Ee) бев) 


The relation is Z(M) = (М) Gg C, where C is the trivial (complex) line 
bundle over M considered as a real bundle. 
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Let T*(M) be the dual bundle of T(M). If T'(M) = QU. ӨӨ, Crys then 
the transition relations are 


We use the following notation: An element ue Т*(М) shall be written 
и = ,C%,dz*, where dz%(d/dz4) = 6g as an element of T7(M). Briefly let 
T = T(M), T* = T*(M). A tensor bundle is a bundle of the form 


T®::-@TOT*®::: QTO. G T*. 


We denote T 6 --- @ T = (& T)? for the p-fold tensor product of T. We re- 
mark that T is not a holomorphic bundle so (® T)? @(@ T*) is a holomor- 
phic bundle but (& T)? &(& T*)? @(@ Ty &(& T*y is only differentiable. 
A holomorphic (differentiable) tensor field is a holomorphic (differentiable) 
section of a tensor bundle. 

We now give a brief treatment of differential forms. 


DEFINITION 5.6. <A differential form of type (p, q) (or a (p, q)-form) over an 
open set WC M is a differentiable section 9: z — [2, Pja,...a,g,...p,(2)) of 
(© Т*)Р G(T*)* over W such that the fibre coordinates 9,,, say]. p, аге 
skew-symmetric with respect to a, ··· a, В, =: B,. If p=1, 9 = 0, ф(2) = 
У"; Pja(Z) dz;. In general, we represent the (р, q) form as follows: 


1 
g(z=— У, Q ja s appi BAZ) 25) ^з AdZP AT A dzh^, 


pgtq tas 
Bi ty Ва 
where dz” = dz® and * A" is the wedge product of skew-symmetric forms 
and satisfies for example, dz* л dz’ = —dz? ^ dz*. [Note: We write z* = 
2° = 2%] 


If M is only differentiable we still have 7(M) and 7 *(M). Then if W is 
open in M, we make the following definition: 


DEFINITION 5.6’. А differential form of degree p over W 
] 
Q-— p! У, Ф ja, ...а, (х) dx AA dx» 


is a section over W of 7? which is skew-symmetric in the indices a, :::a,. 
If ф is a p-form and x is a q-form, we define the wedge product of forms 


1 
«лу = тат 24 Pa ap Viti By dx? ^ ^ ахі ^ dxP ^ c ^ dxfs, 
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For example, if p = 3 У Ф, dx* ^ ах? and y = У у, dx’, then 


1 
Q^ V =; Фару, dx" ^ dx? ^ dx! 


1 
= 2x Хаву AX” ^ ах? ^ dx’, 
where 


Хару = Фав Ш, — Qay Ug + Dey Wa- 
Hence 


(o ^ Whapy = Pag V, — Qa, Vp + Poy Ҹа: 


DEFINITION 5.7. If 


1 
= — «1 . >o è a 
a m Фра, a, ANG! ^^ dx, 
. p р 


then the exterior derivative dq 1s 


1 OD ja, oe 
do = — асе дуа л dió! л л dx 
P+ а,а1, "ар j 
(1) 
= (p 4 1)! "s 1)! m Uim ах} N'N ахі”, 


where 


aot ap — PET Pas- ap ax" Pagar: ap 


д 
— 1| —— " 
+ ( ) (Jo. €p-1 


PROPOSITION 5.3. dọ is well defined (that is, the definition is independent of 
the choice of local coordinates x;). 


Proof. We write out the proof for p — 2 and leave the general case to 
the reader. So consider 


p=4 > Q jap Ях) A ах} = } >, Pray dx, ^ dx; 
on U; ^ U,. We want to see that 


дф, д 
ру 080 ах) л а л dxf = У, PMH ауу л ахі лаф. 0) 
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The following rules of transformation are given to us. 


QE as 
dx, = уз ду dx}. 
Thus on U; ^ U, the left-hand side 4 of Equation (2) is 
xl ôx! ôx? д?хі 
8-4 wl dora EE m 
«А7 у xi Oxi Ox; ^ дх? д?ху дхб ^" 


дх} OX, док 
0x5 0x5, Ox] 


| dx! ^ dx; ^ dxf. 


The sum of the first two terms 15 zero, so 


до, oxi | Óxi дх" 
Bd E х? ^ Ях“ ^ — dx? 
2. əx! 21“ дх% Xj ox" i 


0 
= 1 DE 7 а 0х1 ^ dx? ^ ах?, 


and (2) 15 proved. Q.E.D. 
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REMARK. For other types of tensor fields such a “ nice” operator does not 
exist. To correct for the difficulty one introduces the idea of a connection. 


PROPOSITION 5.4. dd = 0. 


Е ОФ 


Proof. аф = — 
р! ox" 


1 д?ф„, ap B a 
= eoa ^dx* ^: ^dx?? 


— 0, 


since 024,....„ /Ox" x" is symmetric in a, f and dx’ ^ ах“ is skew-symmetric. 


PROPOSITION 5.5. If « is a p-form, then 
Ap ^ V) = do ^ y - (1f o ^ dy. 


Proof. Easy. 


70 SHEAVES AND COHOMOLOGY 


THEOREM 5.1. (Poincaré's Lemma) Suppose that a p-form ф, p > 1, satis- 
fies dp = 0 on a neighborhood U of 0 = (0, ···, 0) = R”. Then there is a 
(p — 1)-form y on a neighborhood W, 0 e W = U, such that o = dy (locally 
dp = 0 if and only if o = dy for some y). 


| 
Proof. Let ọ = ф(х) = "mio (x) dX"! ^ +++ A ах. 


We fix p and prove the theorem by induction on the dimension n. The first 
step is the case n = p, and ф = 9,;..,(x) dx! ^ +++ ^ dx". Define 


W(x) = g(x) dx! A+++ ^ dx"! 
by 


gn, isa!) e (IP | ois. dt, 
0 


where W is a star-shaped neighborhood of 0 and (x!, -:-, x”) e W (that is, 
if x € W so is the line joining 0 and x). Then 


dy -Y50 qe adx! A+++ л ах?! 


2:090) gyi A dx! ^: л ах?! 
ox? 
SP su (xls ХР) аҳ A+++ A dx? 
Now assume the result for n = m — 1, m > p and consider n = m. Then 
1 « a 
PxX)=— Y, Qua dX ^t^ ах?” 


p! 1 <аА<т- 1 


1 


d o те Pma, ---ар-1 AX” A кке ЖОЙС, 
(р Бы 1)! ый ы 


Let 
Fay ap 7s х") = J. Qa, ca, (05 77 X5, f) d 


and 


1 


(P е 1)! 1 <ад<т- 1 


V 
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Then 
1 m-—i 1 4 
а ———— ах“ ^ ах ^A: A хр! 
m (p — 1)! 1 <a;em- 1 2 и 
1 
T——À а Xe NON OREO ОЕР". 
(p — 1)! 290 г 
Непсе 
ф(х) — d(x) = = Уд iot Ux) dx A A dixe 
== 
апа 
dy = ар — ddy =dọ =0. 
But 
] "8 
dy = Хал tp dam A dx"! д... д dx 
p! Ox" 


+ terms not involving dx". 


So ich а. [0x" = 0 and this implies that y is independent of x", y = 
y(x}, +++, x" 73). By induction y = do and thus ф = 400 + с). Q.E.D. 


We denote the sheaf over M of germs of p-forms (C? p-forms) by ÆA”. 
Then we have: 


COROLLARY. (to Poincaré's Lemma) Let рє A’, р> 1. Then dọ = 0, if 
and only if ọ = dy, y e АР. 


Proof. We need only remark that d can be defined on the germ level 
and then use Theorem 5.1. 


We notice that 4? = 9, the sheaf of germs of С° differentiable functions; 
and ф є A9, dg = 0 if and only if ¢ is locally constant. Thus: 


THEOREM 5.2. The following sequence (of sheaves over M) is exact 


0 ———À С 49 — 0. Ls 4n s, 


where n = dim M. 


THEOREM 5.3. The sheaf A? is a fine sheaf. 
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Proof. Given any locally finite covering {U,} of M, we have a partition 
of unity {р;}, 
$ p;=1 and {x|p(x) #0} SU;, 


where рх) is a C? function on M with р (х) > 0. Define a homomorphism 
hj: A? А? by 


hp) = р(х). Ф. 
Then У h; = id and h(A2) =0 if p(x)=0. QED. 


THEOREM 5.4. (de Rham’s Theorem) Let dA? be the image of A? under d. 
Then 4Г(М, 4!) € I(M, 4A* +) and 


Н°(М, 4А“ !) 


HUM, C) нм, А97). 


Proof. We note that dA? ! c А? is the subsheaf of А? which consists 
of germs of p-forms q such that dg = 0. A form ọ is called d-closed if dọ = 0. 
A form q is exact if ф = dy. Thus Theorem 5.5 says that the closed p-forms 
modulo the exact p-forms is isomorphic to the cohomology with complex 
coefficients. For the proof we use Theorems 5.4, 5.3, 4.3, and 4.1. Since 


0— dA" ^! ^ A? аА? 50 
is exact for p 2 1, 
0 > H*(dA" +) 2 НА?) > H9(dA") > Hi(dA" ')5 --- 
is exact. But НА?) = 0 for q > 1. Thus, 
0 > H*(dA" ^!) > НАР) > H*(dA") > H'(d4" !) 20 (3) 
is exact, and Н“ ! (dA?) = H*(dA" t) for q > 2. Equation (3) gives 
H(dA? ^) = H9*(dAP)JdH (AP). 
For p = 0 we have 
(emn. АЕ 0 
Thus 
0 — H*(C) > H9(49) > H9(dA9) ^ НС) ^ H! (A?) 
^ H'(dA9) > +- э На ! (dA?) НС) — 0. 
Since 
H*(49) = 0 for q > 1, Н (449%) = H*(C), and H'(C) = H°(dA°)/dH%A°) 
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for q 2 2. Thus, 
НС) = Н (dA?) = Н (4А!) = -+ H'(dA* ?) 


H9*(qdA* 1) 
= dH AT) for q cz. 
These two statements prove the theorem. Q.E.D. 


REMARK. We have actually proved more. Let Y be a sheaf over X. By a 
fine resolution of S we mean an exact sequence (22), 


(R) 9 ——95 I —— f° — e of! + of? +» 


such that each æ is fine. 


*THEOREM 5.4. If (@) is a fine resolution of Z, then 


H°(X, h41!) 


VU EIS gi, of) 


for q 21. 


Proof. Same method. 


6. A Theorem of Dolbeault (A fine resolution of 0) 


Let M be a complex manifold with covering {U ;} by coordinate patches 
where (2. ++, 2%) are local complex coordinates on U;. Let 


1 


арат? 


Y Pap, p (Z) dz? лс л dzh. 


DEFINITION 6.1. 


1 дф B 
дф = —— Sta dz* л dz"! ^: ^ dzh, 
* pla! MM 02" 


where 


and 
ee Y L dz’ ^ dz* dz? 
= nog uz KOZ Kh дый ога, 
d pld'a, Kup, д2? Parle 
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д B ИЕ 2) 
— = (і |. 
oz 2\ ax? y? 


REMARK. It is easy to verify that 


дд = 0, дд = 0. (1) 


where 


From the complex coordinates we get real coordinates x’ defined by 
z' = x?" l 4 1х?®*. Then 


dz* = dx?” t! + i dx? 
dz* = dx**~! — i dx**. 
So 


x^! 244 Ap+ 
p = > Or, дрва AX А A dx"? 44, 


put 
LEMMA 6.1. 4=д+д. 


Proof. We easily check that 


In fact 


COROLLARY. дд=—0д0д. 
Proof. 0=dd=(0+0)\(06+0)=00+4+0 д. 


THEOREM 6.1. [Dolbeault's lemma (an analogue of Poincaré’s lemma) ] 
If a C” (0, q)-form q satisfies дф = 0 on a neighborhood U с С" of zy, then 
there is a C? (0, q — 1)-form y on W with zy e W € U (W open) such that 
ф = ow оп W. 

First, we turn to: 


LEMMA 6.2. Let f(z) be a bounded C? function on U © C. Suppose 


=} 06) аё ЛО а dn 


g(z) = gc 


U 


where б = € + in. Then g is C? оп U and 0g/0z = f. 
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Proof. Pick 20 € О and let 
= {z| |Z — 20| < £}, А, = {z| |Z — zol < 2e}. 


Suppose z € A,. Let /,(©) be a C? function which is identically equal to f in 
A, and is zero outside of A5. Then 


SO — fiG) +A), 


where 


ЛО) = 0 for 6 ¢ Ag, 
f; (E) =0 for Ce A. 
Then we have g(z) = g,(z) + 9,(2), where 
_ xl pp fae dn 
Nee qp 


For z € A,, 9,(2) is holomorphic, so (0/02) 9,(2) = 0. Since f, = 0 outside of 
A, we can consider 


-1 106) 4а 
по i [tn 


Let 
(—z-2w-scit-re^. 


Then 


gi(z) = —- id 


H fi(w + 2) PR = 1 Р. (пе + z)r dr d0 
л w T 


Seu ff fi(re? + z)e^ ? dr dé. 
л 
C 


Thus g,(z) is C? in z. Then 


e - Jg; = — = [15 — f (re? + 2)е 95 dr 40 


ds dt 


== [fz n2. 


and 


д д 
so aO aes Me 
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We use Stokes' theorem. If W is a domain in C with boundary C a Jordan 


curve, then 
[зе э 3) as dt. 
д 
If o = udt — vds, then dy = E t 5 ds ^ dt so 
ôs дї 


= | 40. 
Ivi 
We notice that 
dw ^ dw = (ds + idt) ^ (ds — idt) = —2ids ^ dt. 


Hence, 


5 007 ziffz hv «29 - у fab nme 227, 
C 


since 


дое) озор) 


SUA „р ДЕ 2 
0 Ww QW w 

_ Of, dw ^ dw 

aw у ` 


Thus, if we set 
= (zl |Z — Zol = 28}, 


у= ul |Z — 20| = ғ}, 


д 4 d 1 d 
goO- xil ^m -f nom) zh) 
Ai 
1 4 
- xi] hwa T- ffa( 7). 


Taking the limit as в > 0 we see that 


then 


дд дд, 
== a =f(z)=f(z). OED. 
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Instead of assuming that fis bounded we could have proved, using the same 
proof: 


LEMMA 6.2. If f(z) is C? for |z| < R, then 


g(z) = -- ff L qt dr 


t€ *g?«R-te 


15 C? for |z| < R — e and 


v — f(z) for |z| < R —&, 


where = > 0 and R— ғ > 0. 


Proof. (of Theorem 6.1) We may as well assume 
U = 0р = {z| |z| < R, where |a] = maxlz^]). 


Then we want to prove that if dg = 0, 
1 2). i 
Фф = 31 2. Ppi By AZ” ^ ^ dz 


is a C?(0, g)-form on Ор, then for any e > 0, R — e > 0, there is a C?(q — 1)- 
form y on Ug., such that 

др = ф оп Ок, (92:1). 
Suppose 


1 
P=— У, O,.--0,(2) dzP' A --- ^ 42. 
q: pism 


By this we mean that form @ does not involve differentials of coordinates 
z' for i > m. The proof will be by induction on m with fixed q,n. First we 
consider m = q. Then 

P = P12.4 dZ? ^ ^ dZ’ 


and 
n д Е 
0= дф = У — ф,:.. (2) d2* ^ dz! л л 42% 
1027 
д za 51 = 
= 91.42) dZ' ^ 42 A+++ A dZ’. 
а>а+1 OZ 


— 2... „п 
а. " Pe LEB da 


č? +n? « R- (e/n) 
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Then g is C? on Ug..,,,, and 0g/02! = g,...,(z). So let p(z) = g(z) dz? л +++ A 
dz’, Since дф/д2® = 0 for a >q + 1, ðg/ðz" = 0 fora >q + 1. Thus, 


а 0g 
Wz) =), 4 Z л dZ? л ··- л 42“ 


n TT. 


= Ф. 


Now assume the lemma is proved for m < k — 1 and consider m = k. So, 


1 
o=— Y. Pp, p, dZ^' ^c ^ 52 
р! век 
m У, Ф dz" A+- л dzf« 
р! в,<К-1 ү, 
1 2 

+ — dz" ^ dz" л ^ dzP« 

-Daa 
and 
jussu рз У CN 2, d2 Rt naz" 

p'a/Zk a=1 02° кк 


Thus, 0 = (0/02") 95, ...p,(2) = 0 fora > k + 1. Define 


e] Е , 
95; ... a KZ) = EUR || Prpa --- g (Z> 7, Ze S es gU BM 2 ) dé dn, 


4212 «R-e| 
for 1 < $2, t+, Ba < k — 1. Then gg,.5, is C^ on Ug-s,» 
д 0 
ag 9 = Qt; --- f, m = 0 fora>k+ 1. 
Let 
1 
w = 2 dZ ^ A 42%. 
(q — 1)! „4-12 Pa 
Then 
k-i ôg 
ow = ——— Y = 42° л dZ л. л dz.s 


(4 — 1)! s zx- 1273 02" 


| 
+ — о dZ* ^ dze л сс л ах. 
а 191 ieee 
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Then 
^ 1 zh zB 
с=ф- 00о= — У ор... ^ ^ 42! 
p! gisk-1 
is C? on Ug. ,,. By induction there is a y which is C? оп Ug_,,-,, such that 


c —ój.Soo-0(o-c-y)onUg ,.,. Q.E.D. 


We can make an improvement. 


THEOREM 6.2. (also called Dolbeault’s Lemma) If ọ is C? on Up and 
дф = 0, then there is a C? y on Up such that ф = ow on Ug. 


Proof. We first consider the case of a g-form o with д> 2. Let U, = 
Ug — r[v, O « < К. On each U,, , there is a y, such that dW, = оф. We con- 
struct J,, Ñ, °°: by induction on v such that дў, = o on U,,, and y, =, 
on U,. First set jJ; = Y, on О, = Ug (45. Then O(y; — yı) = 0 on U;. 
Hence there is a 0 on Up_(,;2)-, such that 00 = Y, — y,. Take p(z) > 0, C? 
and such that 


on U, 


(z) = а 
РА = \0, outside Ug 42) 2; 
Thus p, 0 are defined on Uz, and 


pos 0, outside U 4. (2-2. 
0, on U, = Us 


Define Ù, = y; — G(p · 0). Then 
Oy, = ду, on О, 
and 
V, = Y – 00 = y, = JJ, on Uj. 


Suppose we have у, >>, V, such that дў, = ф оп U,,, for A € v and 
Ya Visi on U,fordA<v—1. Then oy,., — V,) = 0 on Оу +, = Ug. (4,1 
and ү, +; — y, = 00 for some Ө on Ug. (jy 41)--- Define y,,, = Yy+1 — 0000) 
where 


1, on U, 
0, outside Ug. 6,4 1,-2;. 


Then àj,,, = 9 on U,,, and y,,, = V, on U,. Then y is well defined, 
С° on Ug, and ду =dy, = ọ. 

Next consider the case q = 1. We assume y, оп U,,, constructed so that 
O(V,., — у) =00n U,,,, 9 = Oy, on U,,,, and y, is a C? function where 
ф is a given (0, 1)-form such that дф = 0. Then O(W,,, — V,) = 0 implies that 
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V... — V, —f, is a holomorphic function оп U,,,. Let ў, = y,. Since 
у, — №, =f, is holomorphic оп U, let p, be a polynomial such that 
|р, — 41 € 4 on U,. Set ў, = y — p, on U,. In general, given y, such that 
ду, = dW, on U,,, and Ój,,, = р д, on U,,,, we can find a polynomial 
p, such that |p, — f,| < 1/2v on U, since y,,, — V, is holomorphic on О, ,,. 
Then [i,,, — V,| < 1/2v on U, so the limit exists, 


lim yj, = V 


v= 00 


and 
w= Wy + DU, - ри) on U, 


== V, T h, ? 
where ðh, = 0. So OW = ду, = o for all v. Q.E.D. 


COROLLARY. Let A° denote the sheaf of germs (over M) of С° (0,q)- 
forms. Then 4° = 4°'° = 2 and 


0- б з does A93 5, 492 — 5, TUNE T PL NU 0 
is exact. 
THEOREM 6.3. (Dolbeault) H*(M, 0) = [LH9(M,0A9'* )/]OH9(M, A?" !)]. 


Proof. A?" is a fine sheaf. ^ Q.E.D. 


CoRoLLARY. Н“(О„,@) =0forq21. 


Proof. Use Theorems6.2and 6.3 (H9(U4 , 049 * +) = OH9(U, , 49 !)). 
Q.E.D. 


We can generalize these results. Let ф be a C?(p,q)-form. We have the 
following sequence of statements whose proofs are similar to the previous 
proofs [see Gunning and Rossi (1965)]. 


LEMMA 6.2. On Upę, a (p.q) form ọ,q > 1 satisfies dg =0 if and only if 
Q = ду, where y is a (p,q — 1) form. 


COROLLARY’. Let О? be the sheaf of germs of holomorphic p-forms over M. 
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Then 


д д д 
0—» OP — 4P? — ДР... AP" — 0) 


is a fine resolution of Q”. 
THEOREM 6.3. H%(M, QP) = [H°(M, дА? JOH9(M, A?'* ^!)]. 


REMARK. Let og” be a (p,g)-form. Then dy” = 0 if and only if 


qo = Oy QG 470, So, 
dp" = 0 if and only if o^? = 9 (7. 


Hence (on Ор) dg"? = 0 if and only if oP’? = 00Р 19, p > 1. 
If f(z) is holomorphic on |z| < R, then dg/dz = f where g(z) = fs 9(0) 4. 


LEMMA 6.3. Let ф be a holomorphic p-form on Up, p > 1. Then there exists 
a holomorphic (p — 1)-form y such that dy = q if and only if dp = 0. 


Proof. а= ô + д so dọ = дф if ф is holomorphic and if dp = дф = 0. 
The rest of the proof uses the observation made just before the statement of 
the lemma. The details are essentially the same as in the previous proofs and 
are left to the reader. 


d d 
THEOREM 6.4. 0——> C—— 0 — О! ——> 02 ——. ... 3 Q"—0 
15 exact. 


REMARK. ОР is not a fine sheaf. 


Now we consider holomorphic vector bundles F over M. Let F be defined 
by the 1-cocycle { /(2)} where fj,(Z) = Lf (2)].,-1,...,». On each coordinate 
patch O(F) 2 @ © +++ @© @ (m times). Let ф be a section of O(F) over an open 
set W € M.OnWnU;, 


(z) = [p;(z), с, 97 (2)]. 


where 9, is a holomorphic function on W ^ U}, and 
Pilz) = У f A«G)okz) fozzeW n U;nU,. 
H 


By a (p, q)-form o with coefficients in F over W we mean (2) = [9;(z), ^, 
q^ (z)] where each фА(2) is a (p, q)-form over W ^ U; such that 


exo) = У OLO 
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as differential forms for ze W ^ U; ^ U,. We define AP*(F) to be the sheaf 
over M of germs of (p, q)-forms with coefficients in F. At each point x e M, 
the stalk AP*(F) = АР Ф -:- ® AF (m times). We have: 


THEOREM 6.5. 0 O(F) = A°(F) — A9 (F) 5 ::: 049" 30 is a fine 
resolution of O(F). 


Proof. We remark on the definition of 0 and leave the proof to the 
reader. The functions / are holomorphic so (0/02) f;,(z) = 0. Hence, 


дф](2) = b f i2) дфи(2). 


So 0 is well defined and if ф is a (p,q) form with coefficients іп F, др is a 
(p,q + 1)-form with coefficients in F. We note that 


дф5(2) = 2, F2) 0p (z) + 2, Of kul z)Ek(2), 


and до is not well defined оп A°?. We also notice that AP (F) = А?'4@„@(Е). 
Remember that Q9 is а тааш section of T*® -:-G T* which is 
skew-symmetric. We define T* A ··· A T*tobethesubbundle of T* ® ···® 
T* consisting of those (z, Ca, ...2,) wick are skew-symmetric in a, **: a. 
Then Q9) is a differentiable sect ont OF (A T*)?, po?” is a differentiable 
section of (A T*)? © (T*)*, AY” is the sheaf of germs of differentiable sec- 
tions of (A T*)^ Q (^a T*)*, and АФ” (Е) is the sheaf of germs of differentiable 
sections of (A T*)? @ (A ТЖ) Е. 


[3] 
Geometry of Complex Manifolds 


|. Hermitian Metrics; Kahler Structures 


Let M be a complex manifold. We want to introduce in M something 
analogous to a Riemannian metric which is * compatible" with the complex 
structure of M. Remember that for a Riemannian manifold the element of 
arc length is given by ds? = У g,, dx*dx’. 


DEFINITION 1.1. An Hermitian metric on a complex manifold M with local 
coordinates (zj) is given by 


45 = }, G jap(2) 42) 423, 
а, В = 1 


where gj.p(z) is a C” section of T* & T* such that 


(1) Gjap(Z) = 9 jpaZ) (Hermitian symmetric) 
(2) 55-1944 C 0 20, апа equality if and only if = 0 (positive 
definite). 


THEOREM 1.1. Given any complex manifold M, we can introduce an Her- 
mitian metric on M. 


Proof. Let 4 ={U;,} be a locally finite covering of M with coordinate 
patches О, and let (27, +++, 27) be coordinates on U;. On each U; we have a 
metric 


the usual Euclidean metric. Let (p;) be a partition of unity subordinate to 4; 
that 15, 


{Z| pz) > 0} c U;. 
Define 
ds? = У eo Y dz az. 
j А=1 
83 
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We claim this is an Hermitian metric. On U, 


уй gy (2) dzk 4%. 


a, 1 


Since 
Mol 7 
iti 
Then 
mw EIR 


if £ # 0. Thus ds? is positive definite and the rest is easy to check. Q.E.D. 


Suppose given an Hermitian metric ds^ = Y g jag dz5 225. Define g;,, for 
Же 112 3.011. 98) Бу 


(9 бар 
(s = , ap 0 ) 


Then 29. I jap 425 а? = У, оеп, 2.я dj, dz? dz“, where, as has been 
our custom, z5 — 25 . We associate to ds? a differential form of type (1, 1), о = 


У jag dz; ^ di, where i = | / — 1. 


REMARK. @ = —i$ gj dz; ^ 425 =i) 9а dz ^ dz; = c. Or if one 
prefers 


w(t, 1) = 319 japlSj n? —ĦNj de 
= — 119 (39 x ©) 
= 0(6, n). 


So о is а real form. 


DEFINITION 1.2. 2 Y g,3 dz* dz? is called a Kahler metric if dw = 0. Then we 
call o a Kahler form. M is called a Kahler manifold if we can define a Kühler 
metric on M. 


REMARKS 


(1) An Hermitian metric can always be defined, but generally dw is not 
zero. 
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(2 Compact Káhler manifolds have many properties similar to (pro- 
jective) algebraic manifolds. 

(3) Every algebraic manifold is a Káhler manifold. (Recall that alge- 
braic manifolds are by definition compact submanifolds of P" for some N.) · 

(4) There are many nonalgebraic Káhler manifolds. 


CONJECTURE. A compact complex manifold of complex dimension 2 is 
Káhler if and only if the first Betti number is even. 


We know that M Kähler implies that the first Betti number 15 even 
(Theorem 5.4, Corollary 2). We have the following facts: 


(1) If ^, (M?) is even, then M? is a deformation of an algebraic manifold 
where by M? we mean a compact complex manifold of complex dimension 2. 
Thus there is a complex family (M,| |t| < 2) such that М2 is algebraic and 
M? = M? [Kodaira (1964)]. 

(2) Any small deformation of a compact Kahler manifold Мо is Kahler; 
that is, if Мо is Kahler, then M; 15 Kühler for small enough t. 

(3) It was conjectured that any deformation of a (compact) Káhler 
manifold is Kahler. This turned out to be false [H. Hironaka (1962)] for 
dimension >3. So we make the conjecture for М?. 


Now we collect some facts about Kahler manifolds. Let U = {z| |z| < 1) 
aC" 


PROPOSITION 1.1. A form ф = У Pag dz* ^ dz? on U satisfies dp = 0 if and 
only if there is a C? function f such that 


dz* ^ dz’: 


ф = 00 = (x. 2а a5 0° 


а, В Oz” oz? 


that is, if and only if ф„ = (67f/0z" 02°). 


Proof 


(1) If o — 007, then d(ddf) = (д + O00 f) 
= 000 f 
= —000f 
- 0. 


(2 Suppose dọ = дф + дф = 0. Since до is of type (2, 1) and дд is of 
type (1, 2), дф = 0 and дф = 0. Dolbeault's lemma implies that there is C^? 
such that dy” = o on U, €: 9 = У y, dz,. We have 


0 = дф = 20049 = — Gay 
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and 


Oy) = ; Xa - 24) d£ ^ deh 


So 


= (SE - te) ET 

Oz \ 02% д2? 

and dw" is a holomorphic 2-form. According to Chapter 2, Lemma 6.3, 
there is a holomorphic |-form y on U such that 209 = dy = ду. Thus 


др — у] =0 and there is a C? function f such that y? — у = ôf 
(see the remark after Chapter 2, Theorem 6.3'). Hence, 


o = dy") = Hy + ðf) = ðf = 000-7). QED. 


Let 2 дв dz; 425 be an Hermitian metric and о = i È. gig dz; ^ dz# 
be the associated form on U; where the manifold M = oU j- Assume 


THEOREM 1.2. о is a Kahler form (that is, dw = 0) if and only if there is a 
differentiable function K j; on each U; such that о = 00 К jon U}. 


Proof. Use Proposition 1.1. 


PROPOSITION 1.2. P" is a Kähler manifold. 


Proof. P" = ()"_ (0), where О, = ASIC = Qo С) у as On О; 
then we have (affine) coordinates z; = (27, ·: zi, zit ; z^), wher 


J 
2% = Calk; We set 
К; = ов! + У e) 
ats 
= ов ЎЫ?) – log? 


on U;. Then 
K;— К, = log|¢,/¢ 1° = Іов |2“? 
= log z* + log z^ on U; A U. 


Therefore 00K; = 00K, оп U; ^ U,, and we can define a global form 
w = і 00K, on each U,. Clearly dw = 0. If w =i) gj, dz; ^ dz5, we must 
show that g;j,; is positive definite; Hermitian symmetric will be left to the 
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reader. Take j = 0 and let z* = 20. Then 


К, = ов! + » 20), 
а= 1 


SO 
B E az 
дк, EIS 1 + У |2°|2 
and 
к ldz^dz уй л у 2* dz" 
097 144 Y qz] (1+ zy 

= 1 N 2\ — 52 „В a 5B 

= рута (8,01 + У Iz.) — 2% 2°) 42° л dz". 
Then 

У (Supt + У Iz,l^) — z*z)e = (601-2) – 106, 2/7, (0 

where | 


(52) ron 


The Schwarz inequality implies that (Ё, z)|? < (C, 0)?(z, z)| hence Equation (1) 
Is a positive definite form. Q.E.D. 


THEOREM 1.3. Any submanifold of a Káhler manifold is a Káhler manifold. 


Proof. Suppose that М c M and o is a Kahler form on M. We claim 
that the restricted form «|y, which we shall shortly describe, is a Káhler form 
on N. To define the restriction we proceed as follows: On each coordinate 
patch U; with U; ^ N # $ we choose local coordinates (2!, *::, 25, 7,27) = 
(21, "7, 21, Ww), Ww) with r = m — n, m = dim M, п = dim N so that 

Nn U;2i(2j,,25,0, 7,0). 


Suppose 
| 
p = 512, Pies at com w;) dz” ACA 425° 


+> Pj, `` a KZjs Wj) dZj' ^c ^ диў“ ^s ^ дм)”, (2) 
then 


1 
INS Dues л. (3) 
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is a form on N since 
=s A_ „А 
2} = fai, Wy), Wj = g Zi » Wk), 


0 = "PED , 0), 
and on N, 


Similar remarks apply to forms of type (p,q). We see that o|N is a form of 
type (p,q) and that 


dlo | N) = dọ |N. 
Thus we see easily that о | N is positive definite and d(%w | N) = 0. Q.E.D. 


COROLLARY. Any algebraic manifold M is a Kähler manifold. 


Proof. M = P" for some n. 


THEOREM 1.4. If M is compact and Kahler, then the Betti numbers 
ba (M) ] for k = ], t. п, п = dim, M. 


Before giving the proof we shall embark on a brief discussion of integrals 
of forms, specifically m-forms, on a compact differentiable manifold M of 
dimension т. Suppose x; = (xj ,''*, x7) is a local coordinate on О; c М. 
Then an m-form ø can be written 


P = P12... m(X) dx] Ме PS ах? on U; 
= Qu, m(X) ax, ^s ^ Ях" on U,, and on О, ^ U,, 


ч 
j 


д 
dx! ^c A ах" = det( 


2 ахі A+++ ^ ах". 
k 


(4) 


To be able to define | o we make the assumption that M is oriented. This 
M 


means that there is a covering of M with local coordinate patches (О, ,x;) 
such that det (дх%/дх%) >0 on О,с U,. Any local coordinate (X,, ¢,) is 
positively oriented if det (06/0x^) > 0 for all j such that U; ^ X, # $. Let {р;} 
be a partition of unity subordinate to {U jj. 


J 


DEFINITION 1.3. | Q -Y,| p X)0, X) dx; +++ ах. Using Equation 
M U; 


(4) and the orientability it is easy to check that | ф is well defined indepen- 
M 
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dent of the choice of covering by local (positively oriented) coordinate patches 
and partition of unity subordinate to it. We leave this to the reader. 


PROPOSITION 1.3. If o = dy, then | ф = 0. 
М 
Proof. w=); p (x) № (х), so 
| о= [У 40,0) = У | ауу), 
М j j *Uj 


where 
О, = {х5 < rj) and рх) 20for x¢ W, & U,. 


We will show that each f d(p;V ;) = 0. To simplify notation let us drop the 
Uj 
subscripts. Then 


р; (x) = Y hx) dx! ^ dx ^dx** ^s ^ dx" 
a=1 


and h,(x) = 0 for x ¢ W,. We calculate is d(p, V): 


[ «eo = f, aly h, dx! Arn dx! л Яхі ^^ ax") 


д} 
= | Y (- 1*1 S dx! + dx” 
Uj a OX, 
r oh 
=) (= | ШЕ Ru E - dx” 
a |xi| <r -, Or 
='(); 
since 
r дА“ 
- ах" = (ғ) —h,(—r) = 0. О.Е.р. 
Sax 
A complex manifold M is naturally oriented. For if (zj ,''*, Zj) are local 
coordinates and z% = x7^ ! + ix^, then the coordinates (x, +++, x7") give a 
covering of M and the determinant of a change of charts is det|077/0z/|^ > 0 
hence M is oriented and (xj , +*+, x7") is a positively oriented chart. 


Proof. (of Theorem 1.4) Let c =i) g, dz* ^ ат. Then 


= фо ^A*** ^A OQ 


= i)" У gag, Oah РЕ,» dz ^ dz ^ л dz* ^ dz. 
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We claim | w" > 0. For 
M 


: T 1 cn E 
Q^ =(1)" › sgn sgn Е А 
( d, E М Mal 5 В, еер, Р i 


a, 


Gog, dz! ^ dz! s ^ dz" ^ dz, 


and 
» — | 68] MN NT CR 
MCN E 01 ео Jap, Ja, B. m . uu . 
Өй, gp, 
= sms v | ey 
P P, Gnt °°" Gna 


= san( ЖО 47 
Ву В, 
where g == det(g,;). Therefore, 
c" —(i)'n!g dz! ^ ** ^ dz". 

Since 

dz! ^ dz! = (dx! ci dx?) ^ (dx! —i dx?) 

zd АШ, 
о" = 2" п! д dx! ^: ^ dx^". 


We have assumed (g,;) is positive definite so g > 0. Thus fy о" > 0. If о" = dy 
then | о" = 0 by Proposition 1.3. Thus о" # dy. In fact, we claim 
w AC А о = wo ¢ dy for any y. Since dw = 0, d(w“) = 0 and if о“ = dw 
then o" =o Ao" = di ^ wo" = (ш ^ o"^*). Now recall that 

| НМ, ад?!) 

b>, = dime H?*(M, C) = dime dH(M, 42-1) 


The facts just proved show that 
w* € НМ, dA**~'), 
w* é dH*(M, A?* 1). 
Thus, 5,, 2 l. 


THEOREM 1.5. If M is compact Káhler and if N c M is a compact complex 
submanifold, then N is not homologous to zero in M. 


Proof. (sketch) We first prove: 
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PROPOSITION 1.4. (Stokes’ theorem) If W"*! is a compact differentiable 
manifold with boundary 0W"*! = М", then fynsi dY = fus V for any n-form 
wonW=w"tt 


Proof. We cover W with a locally finite family of coordinate patches 
{U,} such that U; = {х |x$|<r,} if U; € int(W) and if U; ^ M # ф, then 
U; = ixjllxj <r a> 1, —г;< xj < rjj, and M NU; = {xjl xj =r;}. We 
choose a partition of unity {p;} with the following properties: 


(1) supp p, = {x| px) 20] c О; f U;j М = ф. 
(2 supp p;S{x,;|-r;<x; < ry <, a >2}. 
(3 p;is С°, p;>Oand) p; =1. 


Then fy db = Yjlwd(p;V) = У; fu, 0,0). From Proposition 1.3 
fu, dp V) = Oif U, ^ M = ф. Suppose U; ^ M * ф and y = Уні vj dx}, 
"ue AX лб Ade on Us. Then 


| Дух) = | (one OE? dx Td 
U; U; 
and 
д 
f. Se? dx <= Oifax 1. 
For « = 1, 
ý d ) 0 n 
| ES ds = pi TIO S: SELL хп 1). 
Непсе, 
f 40,0) = | DIO XT s xn a da 
U; U; 
т p;V. 
MoU; 
Thus, 
dy = wa "e | 
|, 4 У | oy Pal | Dew jv 
where M =0W. 


For the proof of the theorem, suppose M" is compact Kahler and №" is 
a complex submanifold №" c M". Suppose N —0W c M for W an embedded 
submanifold. Then if w is the Kahler form on M, 0 < f, o" = Jy do" = 0. 
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This contradiction proves the theorem in this case. Generally if N is homo- 
logous to zero, we do not have such a convenient situation. One must change 
the proof, and we supply no details here. 


2. Norms and Dual Forms 


Let ОР be the sheaf over M (a compact complex manifold) of holomorphic 
p-forms. Let А?'“ be the sheaf of C? (p, q)-forms on M. We want to introduce 
an Hermitian scalar product (0, у) for o, у є Г(4?'%), which makes Г(А?') 
into an (incomplete) inner product space. 

We introduce an Hermitian metric 2 У g jg dz% dz? = 2 У g,g dz" dz on 
M. Associated to this metric we have the form о = іУ g,3 dz* ^ dz" and 
aw" = 2" n!g dx! ^ +++ ^ ах?" as before where x^* ! +i x?" = 2° and g = 
det(g,;). We denote the inverse (g,5) ! of (gap) by (9°) = (gag) `, that is, 


3 405; = 65 and Y Gap g^ = 9). 
В 


The length || of a tangent vector ( is given by |(?| = Ув д] (ав and the 
inner product (б, у) = 3,5 g, gU n". Let 


Q(z ) = = "EP Qa, .. Ba dz A^ д2? 
апа 


(Zz) = PL Way npg GZ ^A dz, 


Ti 


Then at each point z e M we define 


1 
(Ф, y )(z) = p!q! , 2. g^ E g^" EE gag, fa Vi, ETE (1) 


DEFINITION 2.1. The inner product of two forms Ф, v is 
c)" 
(e V) = | (e, (2 — = | (e V)2)2'g dx! = ах”. (2) 
M n. M 


(,) satisfies the following properties: 


(1) (Ф,) = (y, 9), 
(2) (ар +b x, Ф) = а(ф, p) + b(x, Ф), 


(3 (0, ф) 29, 
(4) (o, 9) = O if and only if o = 0. 


We define (о =,/(9, q) (Ф, ф) as usual. 
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THEOREM 2.1. There is a linear map *: I (A^?) => Г(А" Р") such that: 
o)" 
D @ We) —=9@) ^ «JG. 


(2) жу = жу (that is, * is a real operator), 
(3) x0 = (— 1)Р+*4 үа), 


Proof. Before giving the proof let us fix some notation. Let п = dim M. 
We denote as follows: 
A, = (01, tts 9), A <A, «c «a,,1xa; x n, 
A, p = (“p41> CEU ae O41 < EE <)> 1 < &; < n 


and (0;, '°°, Aps 9+1, 7*7, &,) is a permutation of (1, +++, п). For example, 
п= 5 and A,=(2,4), А,-: = (1, 3, 5). Similarly for B, = (Bi, ··°, Ba) 
В„-, = (Boii, °°°, Pn). Then with this notation we write a (р, q)-form 


y= 2, 2, V4, B, 42°? ^ dzPs, (3) 


where dz» =dz*! ^ +++ ^ 12, and so on. We denote 


" - = 
ур dues 2 gan ae дгар, MA non. 
‚н 


Then 
V — Y Y, Van, 424? ^ dz”! 
Ap Ва 
= Y (-1)? Wap, dz”? ^ dz^ 
=> Y (W)s,a, dzP* ^ 4:5. 
Thus, 


(Psa = ("а p, . 


We can now write Equation (1) as 
(o, Y= Y, 94,5, Y = (1) У o, p, WP. (4) 
Ар, Ва Ар, Ва 
Кететбег 


J ApAn- pBgBn-q ~ Jai -anbi = Bn ~ det(g,,s,). 


Then we define 


жуу = (i)'(— 1)" 1) + pn У 2 9 4, As - ,ByB, Ш? dz^^- 4 ^ dzP»- ». 


q “P 
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First we prove Theorem 2.1(1); that is, 


= co" 
p ^ жү = (Ф, Ш) (2) m 
If y is as in Equation (3), 
ж] = (EN = Прота Y y Viti ЖЕ yp Bade dz^""» ^ dzP"- a. (5) 
B 


p "q 


Let 


where A, = (A,,°°', A,), № = (v, 777, vj) with the usual conventions. Then 
p ap = (ti^) Y. 9 4,4, 8,8, V ON, dz^» ^ д2 ^ dz^"-» ^ dzPv-à 
= (i) — 1*7? V (0) агл ^ dz^"-* ^ д2 ^ dz^-s, 


where (+ i") = i"(— 1) 1)" 4" from (4). Now, dz“? ^ dz^"-» Oif and only 
if A, = Ay; similarly we need only consider №, = B,. Thus 


pn жр m i'(—1)mtn D y o, y ad a в dz^rAn-» л 2898" а, 
Recall as in the proof of Theorem 1.4 


J AnAn- pBgBn-q — SBN A ` SBN Bg, 


dz4r4n-p = sgn a dz! A ++- A dz", 


dzPaBn-a = sgn f dz! A+++ ^ dz", 
Leen 
where sgn a = sgn act and so on, and 
1 п 


dz! ^ a dz" лаг N^ dz 
= (—1)"" 712 dz! a dz! A... л dz" ^ dz". 
Thus, 
фл жр = C1)" Y 94 p Yg dz! ^ dz! ^ c^ dz" 
2"(o, W)\(z)g dx! A+++ ^ dx?"[by Equation (4)] 


= (qo, yz): — [by Section 1, Equation (5)]. 
n! 


Thus Theorem 2.1(1) is proved. For Theorem 2.1(2), 


жа МЕ Ы SaaS ll 


= к 
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since 
in(n — 1) + pn +n + (n — qY(n — p) + pq = àn(n — 1) + n? + n — nq 
= 1n(n — 1) + nq (mod 2). 


Last we must check Theorem 2.1(3). Before doing this we make an assumption 
which we could have made for 2.1(1) and 2.1(2), which simplifies the calcula- 
tions. We must check 2.1(3) pointwise and at any point z;. We may assume 
by a change of coordinates that g,9(Z 9) = 0,3. This will not be true in a 
neighborhood of zy; we only assume it at zy. But since we only check 2.1(3) 
pointwise, each time we verify it at a point we may assume that g,5 = 0,5. 
Then 


D Pre 
J 4,4, - ,B,B,- 020) — sen (5 M p | 
= sen 
— B А 
a 


(нр) дов, = GC DPI sgn | р) їл, 


and ф5»4з = Wg 4 . Thus 


at Zo and 


кнр) д = (GC П) 072 sen ( Ви Вер) og 
p ^q A A, n-g?n-p 


Ший 


= (— 1)" M x NEN ЕТ 
-(-1!*Wpi. QED. 


* has one more property: 


PROPOSITION 2.1. Фф л *W=wW A *@ for og, у є Г(АР'®). 


Proof. q A *V(z) = (p, V)(z)o" n! = (№, p)(z)w"/n! 
= л * Q(z). (Remember that c" is real.) 


But also, p л жр = ф ^ * y. Q.E.D. 


We next define the adjoints of 0, 0, and d. 


DEFINITION 2.2. Sy = —O(«y), y = — *(0 x y), and $, = —*xd(xy). 
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It is easy to see that 
9: r(A) en (A? q— 9), 
9. (A?) SONT (A? he 
ô: (4?) ——— Г(АР- 1). 


PROPOSITION 2.2. Assume M is compact. Then 
(дф, V) = (p, 9p) for o e Г(АФ 4—1), y e I( At^ 9), 
(дф, V) = (p, 90),р € I(4'^?), y e (49+ 1:9), 
(do, V) = (Ф, у), € I(4^), v eT(A'*^). 


Proof. (Integration by parts; we only prove the first equation.) 
у= ф A * V is of type (n, n — 1). Hence, dy = 0 and dy = ду. Thus, 


4 
0 = J. ду = |, Ô% = | ao ^ xij) 
a] eine a ы) 


= Gy, Y) + (- D"** J e ^ д). 


So 


(39, d) = -f e 0 #4 (4) 
=- | фл (9006р) 
M 
= x; A *(3W) = (p, SW). Q.E.D. 


If p=) фр dz’, then 


1 0”; Pz - 
o emm = ; a p 
T Е 0z? gerne? 


Thus the coefficient (09);; is similar to a "rotation." We claim that 9 acts 
like a divergence. 
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PROPOSITION 2.3. For у є T(A2*»), 


ô  QOlogg 
07 * og 


(Sp) *0Pt Pa = (— vey (a uem 


REMARK. In Euclidean space div y=) (dw*/dz’) for a l-form, p= 
У WF dx. 
Proof. (of the proposition) By definition 
(дф, V) = (o, SY). 


For convenience we omit the index A " and use the notation 


д 2 д 
UON Op = 077 
Then 
õp, V) - ——— | У fo gd! «=» Дуда 
(09, V) — s l, У, (09)g, ... p, Y gdx dx 
Since 


q 
(09)g, ... р, = (— 1)? 2, дв, Фр, ... Bi Ba? 


where f; means “omit” f;. Then 


MOG, W=—(- у” |], È 05 95, . TEL Pag?" dx! +++ dx?" 


каш =f Y. фр, p, OYP 7 9592" dx!» dx?" 


(integrating by parts). 


Thus, 
10gYX,. .. 
a, &рВі -- - Pa = р+1 Q1  &pffli + Bg 
(9) car Y (zs sae 
n д 1 0g Bài --- Bp Ba 
--X (5+ - TT ‚ОЕР. 


Next we make: 


DEFINITION 2.3. О = 69+ 90. O maps Г(А©”@)) into [(A%”) and is called 
the (complex) Laplacian. (0 is a partial differential Ryo and we want to 


compute its principal part. — , D (ores e. Lc б бе 


¥ 
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PROPOSITION 2.4. Let A = (%4, *::, а), B = (f, 7, B,). Then 


KJE дф ; 09 
А 4] MNA LEMN MNI“ YMN 
DM LY d AB apa has Az^ 


+ у, КМ Oun- 
M,N 


(OW)as = e 2 g” 


Thus the principal part of 0 is 


n д? 
" vA 
PT z^ Oz 
REMARK. If g^ = ó" , then 
2 n 2 
КОРТЕ NERA 
À, V Oz? 02° у = | Oz” Oz" 


1 2n 0 2 
- 33 (5a) - 
Proof. (of the proposition) From Proposition 2.3, 
(Өф) "6" = Pa-1 = —( - 1)? Y д, фл? 7 89-1 4. order zero terms. 
We note that 
Ôp q^ Por Bat У йз... йй. йй... Gig, io 
+ terms of order zero. 
Thus “lowering indices," 
(99), p, Boer = (7 pe 9" 05 QA тр, Baa 


+ order zero terms. 
Then 


= q ‹ 
(C9@) дв, Ва 7 l LA ms D^ Og, д» P Apap i . B. Ba 


+ terms of order < 1. 


On the other hand, 


4 | 
(Фф) ро... в, = C7 е 1) Os, Q4 po... ЛЫК 


(6 


2. NORMS AND DUAL FORMS 99 
Thus, 


(909), ,.. в, = (C 0"! У, g” 009), ag, .. в, 


+ terms of order x 1 


(7) 


ш -2,7 00 Ou Фарр. — др Op, Фар. - +): 
Many terms cancel when Equations (6) and (7) are added yielding 
(L19)4,5,2; .. By = p g" 05 0,94, p, ``" р, 
+ lower order terms. Q.E.D. 


Similarly we define [7] = 09 + 90, ^ = dó +6d and prove: 


PROPOSITION 2.5. [] = –У 9°? 02/02202 + lower order terms 
A = —) 2g"? 02/02 0z^ + lower order terms. 
(A is the real Laplacian.) 


Proof. Left to the reader. 


The operators [7], O, and A are second-order partial differential opera- 
tors. Since d = ô +0, ô = 9 + 9, we get 


А = 05 + ôd = (д + 0)(9 + 9) + (9 + 9)(0 + 0) 
= + 0 + 09+ 90 + 09 +90. 


LEMMA 2.1. 09 + 90 1s a first-order operator. 


Proof. (99), 4p =(—1)”'' » Or Os ЫШ 
+ order zero terms. 
(д9Ф),, ... „р, ... = (DPH 2,0" (0, 0s Ф«,... — да, др Pagar +") 
+ lower order terms. (8) 


(дф) apice um д Pasar "M On Paoa: a се 
(9) 


+ lower order terms. 


When we sum Equations (8) and (9) the second-order terms cancel. Q.E.D. 
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COROLLARY. А = О + 0 + first-order terms. 


For our purposes the following theorem emphasizes the most important 
fact about 0, 0, and A. For the definition and standard facts about elliptic 
operators we refer the reader to Palais (1965) or Hórmander (1963). 


THEOREM 2.2. O, б, and A are strongly elliptic partial differential operators. 


Proof. g® is positive definite. Q.E.D. 


3. Norms for Holomorphic Vector Bundles 


The main purpose of this section is to extend the results of Section 2 to 
vector bundles. Let F be a holomorphic vector bundle over the complex mani- 
fold M and I(A‘?(F)) the space of С° (p, q)-forms with coefficients in F. 
Let { f7,,) bea 1-cocycle defining F on the coordinate covering 4 = (U;) of M. 
Then locally o € F(A" (F)) is given by 

o = (9j(2 05 (2) on Uj, 
where 
1 a 
ФК) = pu» Pi Ba dz" ^ ^ а aves, 


and оп О; ^ U,, 
ej) = У fi zeit. 


By definition дф = (0ф^(2)) which is well defined since 6/%,,(z) = 0. Let 
2 Y g, dz^ dz! be a given Hermitian metric on M. An Hermitian form on the 
fibres of F is defined by specifying on each U; a positive definite form 


aj, 0 = У aus QU 
such that a;,,(z) is C? апаа (6, ¢) = a, (n, n) where n = fr; °C. 


REMARK. Such forms always exist. Let {р (2)) be a partition of unity sub- 
ordinate to the locally finite covering ® and set a(t, (2) = У р (2) 3-10. 


Let o, y € T( AC'9(F)), ф(2) = (o5(z)), V(z) = (W4(2)). 
Then we define a C? function (0, V )(z) by 


(o,UX2) = Y афі, V2), 


À,n71 
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where (p4, YEZ) is the product of (p, g)-forms at z. (See Section 2.) If M is 
compact we define 


(ө) = [ (e FX T, dime M =n) 


7 |, à Y. анде) s «ij, z). 


We want to define the adjoint 9, of д (with respect to the metric a). We want 
to solve 


(дф, V) = (o, 9, V) 
for 9,. Let o e I (A**XF)), y e F'(AO:4*XF)). Then 


T=  GugQ ^c 
‚= 
defines a differential form of type (л, n — 1) and hence dt is a 2n-form. Then 
0= |=) óc | Уа др andi 


+ (—1)”*4 |, рр 9 ^ O(a y, Vj). 


But 
| Y gt ajag ^ (940) = |, У ajya Öp? ^ журу. 

Thus, 

У а(н, = -C iro али). 
Let 

(a?) =(a,,,)7!; that is, Y apa "nn 
Then 

(9,9 = -C nr Y ao абу), 
(4. = -F (2 Y аыбч). 

Hence: 


PROPOSITION 3.1. (8, y)" = — У, а^" «(Y , aj). 
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If we expand this out we get 
(8, V) = – (*0+0) — 2 a «(0a jy, ^ */) 


= (9p) + terms of order zero. 
The reader can then easily verify the following: Let 


[], = 09, + 9,0, 


then 
О, = 0 + terms of order <1. 
Hence: 
THEOREM 3.1. 0, = — У g” 0?[0z"0z? + lower order terms and hence, O, 


is a strongly elliptic second-order operator. 


4. Applications of Results on Elliptic Operators 


For the results about elliptic operators on manifolds that we need Palais 
(1965) is a good source. First we fix some notation: Let Z° = l'(A(* 9(F)) 
where F is some holomorphic vector bundle. We drop the subscript a and 
let 9— 9,, О =O. 


PROPOSITION 4.1. 0 is self-adjoint, that ts, 


(00, V) = (e, LV). 


Proof. (O Ф, V) = ((09 + 90)o, V) 
= (99, Sp) + (бф, Oy) 
= (o, (08 + 80)y) 
= (р, Пу). QED. 


The following is the fundamental result about elliptic operators on compact 
manifolds: Let 


Ж" —ieloe-Z", По = 0). 


THEOREM. (а) dim #74 < + oo. (b) L1 = #* Ф OF’. where Ф means 
orthogonal direct sum; so every o є #4 has a unique representation, 


p=n+l, me (= П. 
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PROPOSITION 4.2. [Jo = 0 if and only if дф = 89 = 0. 


Proof. (00, 9) = (дф, дф) + (99, 99) = |де\|* + ||9Ф|^. Q.E.D. 
PROPOSITION 4.3. 245 = ЖФ 0.0! Ф 94411. 


Proof. Take тє №, 0p e 0.:2* ^ ! , SW € 9.:74*', Then 
(п, дф) = (90, 9) = 0, 
(n, 90) = (ôn, y) = 0, 
(де, Sp) = (800, y) = 0. 
Thus, 2“, 0294-1, and 9Y%*! are orthogonal and 
424 —= 10 D].7* = Ж @ 09524 Ф 9H! 
= HOOLI Ф SF! 
c. QED. 


We next have the important theorem relating cohomology groups and 
harmonic forms. 


THEOREM 4.1. [Kodaira (1953)] Let F be a holomorphic vector bundle on 
a compact complex manifold. If Q?(F) is the sheaf of germs of holomorphic 
p-forms with values in F, then 


H*(M, ОРЕ) = ж. 


Proof. Recall НМ, Q'(F)) = Г(дА 9*7 О(Е))/дГ( 40" (F)) and 
r(A? F)) = (9| o e T(A*XF)), дф = 0}. 
Let Z; (.Z*) = (9| 9 € 47%, д = 0). Then 


ZZ) 
QT 


НМ, 2°(F)) = 


We claim 
ZA(L1) = ЖФ ILT. (1) 
The inclusion 


G4! c ZAL) 
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is obvious. Let g € Z;(.Z*), o =n + OW + 9с. Then дф = 0 so 


09e = 0 
(090, с) = 0 
(9с, с) = 
and 
9с = 0. 


Thus Equation (1) is true and implies the theorem. Q.E.D. 


COROLLARY. dim НМ, O?(F)) < + oo. 


EXAMPLE. Let M"=C"/G be a complex torus. If z=(z',-::,z") are 
coordinates on C", then о = i У", dz* ^ dz* defines a 2-form on M" associa- 
ted to the metric on M" lifted from the Euclidean metric of C". If z* = x?*^! + 
i x^ then O = —} 2^ (0/0x*)?. Let 


Q- — Уф, .. "mm dz ^*^ dz'a. 


sr 


Then [19 = 0 if and only if У 2", (0/0x*)* фав = 0. Such solutions 4g are 
necessarily constant so 


= a PS B 
ọ = Ss c ED dz*' A ^ dz'*. 


Thus dim, 0?'* = E (") SO 
Р] M 


dime H*(M", ОР) = (5) (^) 


THEOREM 4.2. [Serre duality; see Serre (1955)] Let F, M be asin Theorem 
4.1. Let F* be the dual bundle of F. Then 
H'(M",QF(F)) = H" UM", OP" P(F)). 

Proof. Leto =i} gag dz” ^ dz? be the form associated to a metric on 
M. If Е is represented by (/5,,] оп Y = {U,} (that is, £7 = У", f, Ci on 
О,  U,) then F* is represented by {/¥;a} (that is, n;a = Уу fij Mea ОП 
О,  U,) and Уеа fj = 01. If aC, 5) = Са, ți (matrix notation; A‘ = 
transpose of A) is an Hermitian form on F it is easy to see that a transforms 
as follows: 


a, — find; fa (2) 


We define a conjugate linear map p: F > F* by p) =), aas ;, that is, 
p(C;) € F* acts on n; by p(n) =) а 176°. From Equation (2) we see 
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this is well defined. Using p we introduce a metric on the fibres of F* by 
b(n, n) = a(p n, p^ n. 

It is easy to check that the matrix of b(n, ү) is 
b,-a;!-(a?)onU;. 
Let 
HUF) = (elo eT(AP*(F)), Оф = 0j 
HH"? UF*) = {o | p e ГА" """ «F*), Пф = 0}. 
If F were trivial we could define a map, 
годи) ——5 P(A?) ——+ T(4n 7779) 
p —— 9 ——> * = $9. 
In general we define #@ by 


(#Ф), = 2 a jas(*") Epek, 


LEMMA 4.1. #:T(4P(F)—TI(4A""-1(F*)) satisfies 
# o # =(—1)? "id, 
where id = identity. 


Proof. (#(#9))j = У, аў^ау„(**ф)} 
-(-1y**9j. QED. 
Recall 
(89); = -2 aj 0(адж фу) 


and since a; is nonsingular 
(99); = 0 if and only if (Y d урж e; = 0. 
Conjugate this to get 
4 а) = (), 
that is 
O# P) in = 0. 


Тһиѕ 
KH” UF) = {ф| до = 0, 0( # ©) ja = 0j, 
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and 
HPF) = Qj | Op; = 0, AYÈ = 0). 
So 
#: HUE) — 9 2f" PF) 
and 
3: Pr p ———» HPF), 
Lemma 4.1 implies that # is a (conjugate linear) isomorphism. Q.E.D. 


EXAMPLE. Let M be a compact Riemann surface. Then 
H'(M, 0) = НМ, Q°) = НМ, О!) 

and 

H*(M, О!) is the space of holomorphic differentials 
on M. Thus, 

dim H'(M, 0) = dim НМ, О!) = genus of M. 
Further 

H'(M, ©) = НМ, O(T)) = НМ, Q'(T*)) 
= НМ, 0(T* & T*)) 

which is the space of holomorphic quadratic differentials on M. Thus, 


0, if genus (М) = 0 
dim H'(M, ©) = 1, if genus (М) = 1 
3g — 3, if genus (M) 2 2. 


[For example, see Teichmüller (1940). ] 


5. Covariant Differentiation on Kahler Manifolds 


In this section we want to exhibit some of the special facts that a Káhler- 
ian structure imposes on the Hermitian geometry of M, a complex manifold. 
For instance, О = О = 4A holds on a Káàhler manifold. First we must 
review the idea of a covariant derivative. 

Suppose У, €%(z)(0/0z%) = У, &(2)(д/д2) is a given C^ section of T. If 
z;i € Uj о U; n О, # Фф, then in general, 


ae (д oH (д | 
2. дг? (zs) D 2 дг^ (= 


because 


and thus, 


COVARIANT DIFFERENTIATION ON KAHLER MANIFOLDS 


Е 025 р 
б ты 2, дг? бү 
дех — д2“ Akt 022" 


дг) У Gon xx ETE 


We would like to define a "correction" term Pd such that 


where 


We temporarily fix the following notation: C? sections in Z(T), 


ui) Ema) 


- 20 


Vac ar 


WISE 


G(T), 2(T*) will be written 


ras = 2, Ф dZ}, у ES 3 Y Vj. 423, 
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2(Т*) 


respectively. We suppose we have fixed an Hermitian metric ds? =) g зар 
dz“ ^ dz‘ on M. Later we will assume that this metric is Kahler. Let U be a 
coordinate patch with coordinates (z!, «++, 2"). Let 0, = 0/dz*, д, = 0[0z*. 
The n% transform as follows: 


Since 


mz) = J | =a) nh). 


“|ы 
(25) i 


_ Qz* 2 
annie) = Y EI 0, nl). 


Similarly for y ;,. We define 


Van; = дуў, Vi V is = дл ja 


Let (g^*) = (g ap) !. Then 


p(s) = 288 ё; dz e 9(T*) 
re 


(1) 
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and we define 


Vui6-p ™* Vi p(č), 


that is, 
Viči = 2 95° (У 9 jyp 3). 
Thus, 
V,65 = 0,05 + AC arms 
and 


I, = 2. gi Or yp 


Е (д, С) | С 3 
where С = (9,5). 
Similarly, 
V, Q ja = 2. 9 јар (gfo jy) 
У, 
рза д, Ф ja E 2, ГУ, Q i, , 
= 
since 
у, дой g^ 2 д, , 
В 
апа 
0-7 У 0,009" + Ldap 0.9". 
We also notice that if (2!, ---, Z") are different coordinates оп 
д д2“ [д 
SO 
n oz" 
беу v 
É 2 oz. * 


Suppose now that z; = z. Then we see that 
д 
V.C dz^G (=) e 2(T* & T) 


and 


Vi9, dz? ® dz” e 2(T* & T*), 
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that is, 
и a 
Vasey д2, 02} 
UOS ib д2} Ozh 
This remark is used in differential geometry as motivation for defining 


V: QD(E)— 2(T* ® E), where Eis a C? vector bundle over M a differentiable 
manifold. We also define V, 


Vue = б^, У, Ф, = б, Pas 
Van? = дул + у Гав!» 


Уш a d 


Vila = да = Y T. 
In fact, we could define V, o analogously for any tensor field 
oe92(T O + @TQ@:::T*@::: Т), 
by raising or lowering indices until p(q) e 2(T Ф ··· T*) taking д, and then 


p |. We will not write out the result in local coordinates here. 


PROPOSITION 5.1. Уб = 0, Vig" = 0. 


Proof. Vi д.д = у даг 0,(97"9 yp) 
== у Jaz 0,093) 
EM Q.E.D 


THEOREM 5.1. w=i) gag л dz? is Kühler if and only if 
Гув = Гру. 


Proof. œw is Kahler if and only if dw = 0 and 


д 
бей 125 л dz* л дг? 
2 


dw =i} > 


д 
+ бу ЕР, ^ dz* ^ dz". 
02 
Now Г = У 9** д4(9вь) implies 0,954 = Уй Г Ap, and so on. Therefore, 


do = D (Г — ГЫ) dz^ ^ dz* ^ dz? 


+ - 5 Gall ig — Ге) dz? ^ dz* ^ аг?. 
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Thus, do = 0 if and only if Г», = Гр. Q.E.D. 


PROPOSITION 5.2. Let o = l/plg! У Pa, ..,,5, -pa d^ c, dz^s. If M is a 
Kahler manifold, then 


1 
дф = р! » Vas. aps BL 42° ^ dz"! +: Р 


Proof. We prove the case q = 0. 


1 
n! 2 V. Фа, ар а2° ^ dz" :-- dz?» 
р. 


1 
= p! Y 0, Qu, -ap 2. Гаа Фаз ар 


о ere a & — a 
==; У, Lx Paisa p dz ^ dz i ^ ^ dz Lat 
с 


Since Г, = Tz; and dz^^ +++ ^ dz’? is skew-symmetric all terms sum to ~ 
zero except the first which sums to до. Q.E.D. 


Similarly: 


PROPOSITION 5.3. In the Kahler case, 


бф = У Va Pa, appi AZ ^ dZ Ave A dzh. 


THEOREM 5.2. In the Kahler case 
(39), ..2, = —(— YÈ g” V. OPa, LENIN 
‚у 
Proof. By Proposition 2.3 
DONE: 1 ра 
СЕЗШ) enc ey Q e а)" и 
В 9 

By definition 

Y У, qo A7? Bq — Y д, o A» fq 78 У r7, o^» - Pp 

В В Y, B 

+ 2 Deer + Ва Me 
У, 


= 2. д, РВВ: fa + » р^?! ars Bp 
Ys 
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(BB, ‘у "~ Ba). We claim 
Уу - 0,9, where g = det(g,;). (2) 
If we know (2), then 
2 V, o ArPPi = Bo = ) (2, 4 - д, gjo = Ba (3) 


= —(- 1)" (8g)teh ns 
by Proposition 2.3. We remark that 
V, en = (Vi гу"; 


since 
GP Ly g?g ča 
and 
У, g” = 0; 
thus 


V, £7 у gg"? V ES. 
Similarly we may prove that (3) implies 
e. 2 V5 Фа в, = (99) 4,8, , 
SO 
a(S Dp? gP Vo, Mi Ba = (дф), n, - 
(Y 
Thus we prove (2). Recall 
Ар = У g” RACIRE 


Let А, be the cofactor of g,,. Then 


д = Ais ; 
g 
But 
09 
= A,., 
0945 Е 
SO 
09 : 
= gg". (4) 
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Using (4) and the fact that M is Kahler 


99 0925 
i, 0945 0z! 


=9 Tn 


=g 2 ГА. QED. 


0,9 = = 2,99" 0 (gas) 


We now introduce an operator A mapping Г(А?'%) into Г(4? 1:47"). Let 


1 


2 ад... B 
v p!q! 2, Pa, t apis Ва dz" ^ ^ dz'*. 


p 


Then 


1 
A a == DRENT ; Ba "n " dz" nN +++ ^ а?а, 
Q (p — 1)! (а —1)! У IJ Фара)... aph2- Bq 07 


where i = 4/ —1; that is, 


(Аф), e aph2 Ва ~ ). ig^,  &p2 ++ Ва 
a, 


-(-1y^! У ig" Paes -- appa Вас 


If p -1«00rq—1 «0 then we set Г(4° ^*^!) = 0. 
LEMMA 5.1. А is a real operator; that is, 
Ago = Ад. 


Proof. Obvious. 


PROPOSITION 5.4. дА — Ад = i9, дА — Ad = —i8. 


Proof. The first implies the second. We shall prove the first, by Propo- 
sition 5.2, 


(0^9),,  apB = У, (ДФ), -apb V. (A9). <. apB pe 
where B = f; --- B,. Thus, 


(0AQ),, C apB s i( — p?! 2. {Va JP Qaa, + BO Vu дефа, » В Tae 5j 


= i(— pr 2g (Va, 022, В – Va a2,2,* B pes }. 
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Again by Proposition 5.2 


(дф), а ОО Жз Vao Oo Riel Va, 202; up Уу, Фота 


апа 


(A09),, ap B = (— l)i У g"*(09),., “++ app B · 
Thus, 


(дАф с A09),  apB = i(— 1)! 2g" Va Фа, --: apBB 
Е i(99),, сарв = Ва 
by Theorem 5.2. Q.E.D. 


THEOREM 5.3. On a Kahler manifold, A = 20 = 20. 


Proof. (1) We prove О = []. 


0 = 08 + 98 = —i(((0^ — Ad) + (дА — Aô) ô} 
= —i(00A — dAd + 0^0 — Add} 
Fj-08—988- i(00A — JAG + Að — AO} 


—i(00A + ôA — ЛӘ — Add}. 


Thus б = LJ. 
(2) Proof of A = 20 = 28. 


A = dó + dd = (д + 69 + 8) + (9 + 8)(д + д) 
= 09+ Jð + 094+ 96+ 29 + 904+ 69 + 90 
= 0 + O +39 + 9604+ 09 + 90. 


But 
i(09 + 90) = 0(0A — Ad) + (дА — ^0)0 = 0 
SO 
д9 + 80 = 0, 08 + 90 = 0. 
Thus, 


^-2D0-2f QED. 


Now we wish to derive the important relations between H'(M, C) and 
HYM, ОР). 
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THEOREM 5.4. (Hodge, Kodaira, deRham) On a compact Kahler manifold 
M we have 


(1) H'(M, О?) = H'(M, ОЯ), 
(2) НМ, С) = Ф H"(M,t») 
ptq-r 
Proof. (1) НМ, О?) x ЖР" = (p| o eT(A"9), Og = 0j 
НМ, X) = ЖР = {o| p e T(A*), Oo = 0j. 
The map ọ — ф is an antilinear isomorphism from I (A4?) to L(A?'?). If 
[19 = 0, then [jg = 0. But M is Kihler so [] = 0, and conjugation thus 


gives an isomorphism 2 P4 = ЖР, 
(2) By the de Rham theorem, 


I(dA' 1) 
H'(M,C)z ————. 
a) аГ(А' +) 
But 
H'(M, C) z HX" ={e|geT(A’ Ag = 0). (5) 


This is the Hodge theorem. We have not proved it, but its proof is similar to 
that of Theorem 4.1, using de Rham's theorem and the decomposition 
Li = Ра + dg* ! + 849471 analogous to that of Proposition 4.2. We leave 
it as an exercise to the reader. We have the following decomposition: 
Г(4) = Ф I(AP^*) 
ptq=r 
We claim 
KH" = Ф Pt (6) 
ptq-r 
For if Ag = 0, then (Пф = {Ag = 0. O maps (p, q)-forms into (p, q)-forms 
and thus []9 = 0 implies Qe?” = 0, where o eI(A'") and p=) ,4,-, 
oU: 9, of? є Г(А?'®). Thus Ag = 0 implies oP? є Ж". So 
H c qo, 
p*q 
The reverse inclusion is also easy and (6) is proved. This proves Theorem 5.4. 
(2). Q.E.D. 


Let А?' = h??4(M) = dim НМ, ОР) and b, = b(M) = dim H'(M, C); b, 
is the rth Betti number of M. 


COROLLARY 1. On a compact Kähler manifold 


by, > BP? > |. 
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Proof. b, 2 h?” is clear. Let о = і У Gap dz" ^ dz! а= л ^0 

(p-times). Then 
По? = 0, 
because 
а? = (1)? Y "PR PEE dz? ^dzh -> 
and 
Vigag = 9, V. Jap =9. 


So, до? = 0, 9o? = 0, by Proposition 5.3 and Theorem 5.2. Thus, По” = 0. 
From the calculations in Theorem 1.4, we know o? Æ 0. Thus dim #°'? > 0. 
Q.E.D. 


REMARK. From Theorem 1.4 we already know Ё,, > 1. 


COROLLARY 2. Оп а compact Káhler manifold 


Бу = О (mod 2) 


Proof. РЕР SO dyke ah © QED, 


PROPOSITION 5.5. On a compact Káhler manifold, every holomorphic 
p-form q satisfies dq = 0. 
Proof. аф = дф + дф and дф = 0 so 
аф = до. 

Thus, 

\дф|* = (дф, дф) = (p, 909). 
From Proposition 5.3, 4А — Ad = —i 9 so 

\4ф\? = —i (p, дАдф — A009). 
до is holomorphic so ддф = 0 and A maps I'(A”’’) into 0. Thus ||dg||* = 0 
anddp=0. Q.E.D. 


EXAMPLE. We show that Káhler is needed in this proposition. Let C? 
be the subgroup of GL(3, C) defined by 


1 Zi Z) 
C? = ((z,, 2,,23)} = АЕ 0 ] Z3 c GLG, C). 
0 0 1| 
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Let 
l д, 92 
С=\д=|0 ] gj£l|llg,—»"m;-cin;;m,,n,eZyj. 


00 1 


One easily checks that С is a subgroup of С°. The quotient space C?/G is a 
compact complex manifold. For 


1 2+, 22 +92 +932; 
29 = {0 1 Z3 + 93 = Z’, 


0 0 1 
1 zz 
and each point of М is represented by some Z’={0 1 zjj|withz;—x;- 
0 1 1 


iy, where 0 < x; x l, Ox y; x 1. The terms of Z’ satisfy 
Zi =Z + 91,25 = 2) + 92 + 9321,23 = 23 + 93. 
Thus 
dz, = dz,, dz, = 423, dz% = 42, + 9312; 
= dz, + (25 — 23) 2}. 


Hence, рф = dz — 2, dz, = dz, — z4dz, is a holomorphic 1-form on C? in- 
variant under С; if 2: C? + C?/G = M is the canonical (holomorphic) тар, 
there is a well-defined holomorphic 1-form y on M such that z*(y) = ф. 
Similarly there are nonzero forms 5, у on M such that z*(£) = dz,, x*(n) = 42, 
Since dz, ^ dz, Æ 0, 
CAn #0. 

But dọ = dz, ^ dz, and hence 

dp=Enn#0. 
Thus the theorem is not true in general 


6. Curvatures on Kahler Manifolds 


We assume throughout this section that M is compact and Káhler. We 
wish to find some expressions for the Laplacian in terms of curvature tensors 
which will be used in Section 7 in the proof of the vanishing theorems. Let 
w =i} Jap dz" ^ аг? be the Kahler form on the Kahler manifold M. We 
define 


[V; , V.] = VV, = V Vi, 
the bracket of V, and V,. 
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PROPOSITION 6.1. [V,, Ӯ, = — Уу, Ros, C^, where 


Resa = 0, Гав А 


DEFINITION 6.1. The tensor field Rgs, is called the curvature of the metric о. 


Proof. (of the proposition). 


VEU = 6, &, 

SO 
У, V, E cae д, 0, с" T 2. Vig 0, ad. 
B 
Similarly, 
9$ 6 = [+ Y ne 
= 0,0, + У Гв 0, EP + у, OT. 
B B 

Thus 


VV, -V,V,- Y 44. QED. 
p 


We wish to investigate the symmetries of R5,,. Let Ragsa = 95-19, Riva- 
By Theorem 1.2 we can find real C? Ky on each small coordinate patch 
U c M such that д, = 0,0, Ky on О. We claim: 


PROPOSITION 6.2. (V jJ 


Каруу = д, oF д, д, Ky p 2: g"'(0, д» д, Ку), д, 0, Ky) 


u,t-1 


on any small open set where Ky is a C? real function. 


Proof. Г = 2349" 0, gg: , SO 
Rosa = 0, Гр = у, g""0, 0195; t У, 0, 9, 9 pi - 
Т и 
Then 
у ga: R$; = у, Ja: д, 90, ggg + 0, д, д рғ 
a u,a 


Since 
2: 94: g^" = ôf, 3 94:0, gr" == -) g"* Ò, Jaz . 
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Thus 


Ri zT 0, д, 0,0; Ky n у 9" 0, 9,10, 95; 
а, ц 
= 0,0,0,0, Ky — У 9*(0,0,0, Ky)(0, 05 0, Ку). Q.E.D. 
а, 
PROPOSITION 6.3. (1) Rapsa = Ripaa Куз Ra. 
(2) Rapsa = Крд. 


Proof. Proposition 6.3 (1) is clear from Proposition 6.2. For part (2), 
conjugate 6.2 and remember that Ky is real. Q.E.D. 


DEFINITION 6.2. The tensor field 


К; = У, g” Rapsa 
a, В 


ll 
% 
its 
р 
Ww 
z 
< 


is called the Ricci curvature. 


PROPOSITION 6.4. R,;, = 0,0, log g, where g = det(g,,). 


Proof. R; = д, Уз T^, 
= 0,0, log g by (2), Section 5 of this chapter. Q.E.D. 


We have a few more simple computational results. 


PROPOSITION 6.5. ГУ, А Ў 10, = 354 Re, Pe . 


Proof. V,@q = д, 9a, SO 
Vi V, Ф, = 0,0, Ф, 5 2, r5,0, 9; . 


Since we also have 


Уф, = 0,9, — pu Фр, 
we get, 
V, V, 9, = OV, Ф,) 
= 0,0; Pa — 2 д, Га, фр — 2 Гл, 0, Pp- 
Thus 
VaV, pa = V, Va Ga = È Roa Pp Q.E.D. 
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PROPOSITION 6.6. [У,, Viloz = — Y. Risa фр. 


Proof. Conjugate Proposition 6.5 to get 
[Ӯ,, VG. = У Resa Gp 
T у. g” Rss, Q5 
Yb 
pe У gP Ras, Pp 
у,В 
= 2. Ri iy Фр . 
Thus, [V,, Ӯ, Дф,  - Y, R^, Gp. QED. 


We could similarly prove 
[У, , AST m 223 Кл, С" T у Крд, e 5 


RS у Ri, Co pr : 


THEOREM 6.1. For any (p, q)-form o = I/p!q! Y, Фф, р, dz" A+++ ^ dzhs, 
(D19), .. в, = — ) g^ VV, Dayo Be 


p q E 
+ 2: У У Raa’ Фа, “ЛЛ УОЛУ BR а Da 


і=1 к= 1 т, о 

d t 
ut QURE Occ К 
k=1 т 
where Rọ = У, g^ Крд è 
Proof. As usual let A denote a, ·· а. Then 
(09)4g, .. ni {Ур Фарра. — Уз, Фавор +77) 
9 — 
- Cir EC, os bes 


and 


(90ф) др, Ва — ee 1)? 2, g^ V O9)Ag, la 


ганд 4 UJ 
-— 2 (zv. Vs PaB- -pa + 2 (1) 9 V Vi Pag -fa n) 
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Also 
(90) др, <= rs 1)? L 9” Va P ABB; + Ba 
SO 
q = 
(C9@) Ар, sme p n pie 1)** Vs (g^ v, Ф ABB, "Ut Ba UT Ba): 
Thus 


(Оф) др, ha (90 + OD) Paz, T n 


У, а“, V, Фад, Pa (1) 
d = 
УУ, Seu 


Let us calculate the second term on the right-hand side of (1). For a form ф 
of type (1, 0) 


[У, , У Је, == 2 Rs Qt 


and 
Y a" [V,, Vide. = У Ries? ф.. 
А t 
For a form q of type (0, 1) 
[V;. Vlog ES s Ry sa Ф: 
SO 
2 g"[V;, Vlog = – У, Крфа. 


We also have 


(2) 


Similarly, we see 


}, g^ [V, , Vale Apo, n Ban Ba 


= 2. b К' aiBa ВФ... : (0i ap BB = Ba Ва 
hp i" place 


ы Кз, Pa: барт b. - 3 


s 2, (Ук Ёк "Ba ne @pBB, -- On Y Pee n) 


Tk" place 
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Since Кр, is symmetric іп tf and ọ is antisymmetric іп tf, the last term 
is zero. Thus, using (2) 


Y e v.s Vy loan p (3) 


p 
Ex Y Rn Qa, ... (i apB Ba Ba 


‚В 
Кр Фа. арфа Bass Йа, 


Po 


where (1); means that t occurs in the ith place. Multiplying (2) by ( — 1)^ and 
plugging into (1) yields the theorem. Q.E.D. 


We want to derive a similar theorem for 0, acting on I'(AP"(F)) where F 
is a complex line bundle defined by the 1-cocycle { f;,}. (As usual in this section 
we are assuming that М is Káhler.) A form o є I'(AP*(F)) is given locally by 
a family of (p, g)-forms {g,} on {U,} where {U,} is a covering of M with 
coordinate patches over which F is trivial such that 


Фу = fui Pr on U; ^U. (4) 


Let w =i) gag dz" ^ dz’ be the Kahler form of M and suppose we have 
chosen an Hermitian form <,» on the fibres, so 


(50 = a; |6, 
where 0; is a fibre coordinate of & and а (2) is a real positive C? function on U;. 
Then a,|C,\? = а, [С° implies 
ак 
M d (5) 


For two forms 9, y є I'(AP*(F)) their inner product (o, у) is then 


(Ф, V) = | ае, ^ ж. 


The integrand is well defined since by (4) and (5), 
ajoj ^ * V; — арф, ^ *V, on О, A U,. 
Recall that we defined 
(09); = дф; 
and by Equation (1), Section 3 
(8,9); = 99; — * (aj да; ^ * 9j) 
= 99; — * (У а '0,а, dz* ^ * ,) 
= —*(0*9) —*(Y,a;0,a;j dz* ^* q;). 
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Recall also by Proposition 5.2 and Theorem 5.2 
9p, = – *(д+ф) = – * (Xv. det A 2» 
and 
(995, ав Bent = E^ gP V. Фура, appi Beo 


Thus we have: 


PROPOSITION 6.7. 
(8, Pa, esa Bi wee Ва- 1 5 -(— 1)? ) 09, 23 д, log aj) js, “+ apBB + Bg- i 


Proof. We need only show 
— ж p a; 0,4; dz^ ^ ж e, Н ee о аар Ф jay a Bi 
To do this we assume g^*(z;) = ó^ and ф j= dz^" ^ dzP*, Then 


* фу = (p a i-r Deu dzP^-* л dz^^-», 
Next 

x (dz* ^ dzP"-* ^ dz^^-») = ndz^* ^ dz*, 
where у and X are as follows: X is the increasing set of numbers (x, *:* x,..,) 
complementary to the set «B„-4 © (1 *::7)). If we order «B,_, in increasing 


order Y let 
€ = sgn | d ) 
&B,.., 
Then 
n= gi'( — 157 D*ntn-a* t) sgn tad 
= i a ша a a a sgn uu 
Thus, 
х (42% A ж рф) = (и) dz^* ^ dz*. 
aX 
Hence, 


* (X e 42° ^ x 2 = (—1)? Y c, sgn Ln dz^^ ^ dz*, 
а= | 


ac Ва 
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where X = (x; ‘х, ,) 15 an increasing set of numbers from (1 ++: п) so that 
X is the complement of « in B,. But we also have 


—1» CAO acus cs dz^* ^ dz* 
1 — 
( a T ]Араху з Xg-1 
auX=Bg 


B 
—(—1)? q Ap X 
= (— 1)? Y. c, sgn (2) dz“? ^ dz 


a € Ва 


corresponding to the right-hand side of (6). Letting c, = a; !0,a; we see (6) 
is verified at zg in the case g^ (z,) = ó/*, ф j = 44%? ^ dz*s, The general case 
follows easily from this. Q.E.D. 


We want to define covariant differentiation of sections ф є l'( AP'*(F)). 
Let 9 = (9,) e (AU 9(F)). Then фар = fj, 9,45. Опе can easily check the 
following fact: 

If ф is a form and f is a C? function, 


VU 9) = OPE +7: Ў.ф 
and 

VA * 9) = OaS) +) V. 9. 
But in our case 0/ = 0 so 

V, Q jaB = fj V. Okan. 
Thus we define 
Ў.ф = (V,9j). (7) 
However, 
Va PjaB = fj. Va Фкав Of jk Pras 


so we must make a different definition of V, which depends on a;. We know 


a 
— = al = fafi. 
aj 
Hence, 
1 
Qj jab = f. y PAB: 
J 
Now 
1 1 
i) 
n fik 
so that 


1 


d а, Qx AB), 


Vala; Pjan) = | 
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thus proving 


] 1 
E Уа, Ф j4B) - (= У (а, 2] 
a; a, 
We define 
(a) І 
Уф = \— У„(а,ф,) (8) 
aj 
= {(V, + 0, log aj(9)j. 


Recall 0, = 09, + 9,0. 


THEOREM 6.2. 


Cla Pja,B, = -9 g^ vv, P jApBa 
+ X d(x "Be — К, VO jpa = Ox Ba 
x 2, » 2, Кр Фра (Qi aphi s DI Bg? 
where Х = —V,£' and £* = У, gd, log aj. 


Proof. We omit the subscript / from our calculations. From Proposition 
6.7, 


(9, P)a,B,-1 = (99)4,5,., - (- I" 2, LIE TR 
We denote the last term in this expression by (ёф), в„.,. Then 
(Oa 9)4,n, = [(09, + 9,0) ]4, n, 
= (0Ф)а,в, + [(06 + 50)0]4, n, - 
Computing gives (using Proposition 5.3), 
d 


[0(509)14,5, -í(- D^? (= ug АХУН? B Ba 


= 1 


4 = 
enm me ptr 


= – У Y, Va GC Pappi ~~ Ba) 


k=1 


We also have 


(C0) дв, = р? (es, n 2, АЛГ e GO Ва" 


k=1 
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So 


(О.в, = (Ое), - DPV, 7 Y, Y, 0a s O 


Bk=1 
We now use Theorem 6.1. First note that 
-F g"v, V, – CV, = –У gP(V, + ô, log aj)V, (10) 
= —Yygbhvye»Nn,. 
Now use (9), (10), and Theorem 6.1 to finish the proof. Q.E.D. 


REMARK. Ха = У д3 Хр = – 20, log aj 


11 


is called the curvature of the metric a. 


7. Vanishing Theorems 


We wish to use the computations of Section 6 to show that the coho- 
mology groups H*(M, O(F)) must vanish under certain circumstances. The 
first result to this effect is the following theorem. The technique is due to 
Bochner. 


THEOREM 7.1. If the Hermitian matrix X, — R, is positive definite at each 
point of the Káhler manifold M, then 


H*(M,0(F)-0 гд>1. 


Proof. We first prove: 


LEMMA 7.1. Let a =i} g,g dz* ^ dz? be the Kahler form on M. Let Ф be 
any 1-form on M. Then 


[ 32 =0 


Proof. Фф ^ * = (o, W)(z)(@"/n!) from Theorem 2.1. Let p= 1, V =f 
be a differentiable function. Then we see that «f = f(z)(w"/n!). Recall that 
(м 4Ч = 0 for any (2n — 1)-form VY. Thus, 


0= |, d(+®) = + | Че) zd [+60 — | 5@-(w"/n!). Q.E.D. 
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Now for the proof of the theorem. Recall that 
H*(M, €(F)) = HF) = {ф|ф є T(A"*(F)), П.ф = 0). 


Thus we want to show that any ọ є l'(A^*(F)) satisfying (1,9 = 0 is neces- 
sarily zero. Let 


Ф=а,у V, 9;s, Ф)“ dz. 
В. Ва 
Then Ф is a (0, 1)-form so 


w" c)" 
O= | 60: | 95. — 
since 
ÔD = ЭФ + ЭФ and 9: T(4^ ) > T(47 ^?) = 0 


is the zero map. Thus, 


_ =)" 
0 = { Y "v (a; Y. 9 Ф, 07] — (by Theorem 5.2) 


n 


Ba а)? Bay © 
= Гау 6^ X Vs os, Фу} — 


е аср 
2 [а g^ У, Ўз js, V. 9] PI. 


The term in the braces in the last term is always nonnegative since g,; and 
g** are positive definite. Thus the second integral is nonnegative and the first 
integral is nonpositive. lt is clear from the derivation of Equation (3) in 
Section 6 that for a (o, q)-form @ using Theorem 6.2 


= q z = 
О, Фув, = – У, g" V jg, + b» 2, (Хе, — Ra Op. o Bo 
Thus, 


_ | —— 1 ea c)" 
02 fa, 3 ш — Re) jg, (Te РИ ger ene ug FI 
since [a 9; = 0. Recalling the definition of р? we see 


n 


-= Ww 
0> faja, > » (Xia — Ra90sp, Dupa Ф pera) —. 


q-1,Bq- 10,1 n! 


By assumption (X,; — R;,) is positive definite. Hence, 9! «7! = 0 and 
HF) = 0 Ғога> 1. Q.E.D. 


REMARK. Forq = 0 the theorem says nothing. 
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We now discuss the meaning of the curvature X;;. Recall the sequence 


0 —— Z — 0 ———9 0* ——— 0 


in Section 5, Chapter 2. We get the exact cohomology sequence 
НОМ, 0) ——> НУМ, 0*) —— HM,Z) —9 


and we defined c(F) = 6*(F). Since Z c C we map Н?(М, 2) ^ Н?(М, С) and 
send c(F) 2 c(F)-. De Rham's theorem then says 

T (dA!) 

dI(A'): 


Н?(М, С) = 
THEOREM 7.2. The de Rham cohomology class of c(F)e is represented by 
(1/2ni) Y. X, dz^ ^ dz’. 


Proof. This is an exercise in tracing the de Rham isomorphism map. 
Let F = {f,,}. Then c(F) = [{c;,}], where 


1 
Cink = 5zi {log fi; + log fj, + log f.i. 


We wish to find y e Г(4А!) representing c(F)c. We can find C” 1-forms с; on 
О; such that 


] 


Then у = dc; = do,. Remember that |f|? = а/а; and Х = —0,0, log aj. 
Thus 


log fj, + log / = log a, — log a; 


and 
d log fj, = 0 log fj, = 01og а, – д log aj. 
Let 
с, = ES Ó log a,. 
2ni 
Then 


ї | І е 
y = do, = ;— 0 0 log a, = — 5— ), 0,0, log a, dz ^ 42 


1 - 
ST Y Хаа Au^. Q.E.D. 
лі 
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The line bundle over M defined by the 1-cocycle 

(zk 7 д) 

Oz} eee) i 


with respect to a coordinate covering {U,} of M, is called the canonical 
bundle K of M. Then it is easy to see that 


К = Wad, Ji = 


9; 2 
= = Ia 
Jk dá 


The first Chern class c,(M) of M is then (this may be taken as a definition) 
c,(M) = – с(К). 


THEOREM 7.3. The de Rham cohomology class of c,(M)¢ is 
4 : 
Proof. Left to the reader. 


THEOREM 7.4. Let M be a Kahler manifold. Let F = {f;,} be a line bundle. 
If a (1, 1)-form 


1 И 
Y = == È Yaa dz! ^ dz" 


is real (that is, y = y), dy = o, and if [y] = c(F), then there exists {a,;}, a; C? 
functions on U,, a; > 0 satisfying a;| f/,|* = a, such that 


i 
=— 00] T 
y F 0 log a; 


that IS, Vai = — 010; log dj. 


Proof. Choose any metric à ={@,} on F. That is, à; € C°(U,), à,» 0 
and 4,|f;,|? = à,. Then define 


1 , 
IEF Y X adz? ^ dzř, 


where 
that is, 


i 
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Then as in Theorem 7.2 [£] = c(F)¢ so č — y = dg, where ф is a 1-form. Thus, 
do is a (1, 1)-form and 


do—-6—y-mn- Dy, 
where у and y are (1, 1)-forms and Оу = 0. But then 
Ag = 2 Qy = 0 SO dq = dn = 0. 
Also ddq = 0 so 
do =n + (45 + дауу 


implies 
0 = dódy (1) 
and hence 
(ódy, dd) = (dw, did) = 0. 
Thus, 
дар = 0 
SO 
dp =n + 4 dow. 
Then 


(n, dp) = (ôn, p) = 0 
= (n, n) + + (n, dóy) 
= (n. n). 
Hence у = 0. Using Equation (1) 
0 = (ody, y) = (dy, dV) 
SO 
dy = 0. (2) 
From (2) 
0 = dy = ow + Oy. 
Thus, ду = dw = 0 since y is of type (1, 1). So 
dp =&— y = 09 
= —i(dAdy — д dA) 
= i ĝ dAW. 
Thus, 


i 
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where f is a C? function on M. But 


"S i A 
6-7 = 6—9 = =r 
n 
od 227 
— 2n ] 
since č — y isa real form. Hence, č — y = (1/2л)д 0(4)(f + f) and thus we may 
assume that č — у = (i/2n)0 д f where f is real valued. Finally 
INNER M 
Veo os Oo = so еПор a; f). 
Let a; = à; eS, Then 


(1) у = 5- Od loga, 
a, 2 

(2) Safa QED. 
aj 


REMARK. Perhaps we should explain this proof a little more clearly. We 
claim: 


PROPOSITION 7.1. If 


1 
=. Wag 42° ^ dz? 


and if [y] = 0 (that is, у = dq), then there is а C? function f such that 
V —00f when M is a Káhler manifold. 


Proof. Let V = (y |y = аф, w of type (1,1)). Then 002 c V, where 
9 is the space of differentiable functions, and  — УФ 0 0 2, where 


= {у|ує V, (n, 00f) = 0, for all f e 9). 


We note that (n, 0 0 f) = 0 if and only if 98 = 0. We claim that if M is 
Kahler, then Y = {0}. For Kahler implies JA = Q = П and 29 + 90 = 0 = 
08 + 90. Thus +A? = On = (09 + 92)099 + 90)n for ne Y. Since q is of 
type (1, 1) and у = dg, 0 = dq = On = On. Thus, 
1A? = (0908 + 8008)q 

= —00998 n + 9080 n 

= 0. 
Thus А? = 0 and (A*n, ү) = (Ag, An) = 0. So Ag = 0 and hence ду = 
Finally, (и, n) = (do, n) = (Ф, дп) = 0 апау = 0. Q.E.D. 
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DEFINITION 7.1. A complex line bundle F over any compact complex mani- 
fold is said to be positive if there is a у = (1/2ni) Y, X, dz^ ^ dz^, dy = 0, 
ӯ = y, and [y] = c(F)c such that X,,(z) is positive definite at every point z 
of M. 


REMARK. If F over M is positive, then w =i) X,, dz? ^ dz" is a Kühler 
form. Hence M is a Káhler manifold. Rewording Theorem 7.1 gives: 


THEOREM 7.5. If F — К is positive, then H*(M, O(F)) = 0 for q > 1. 


THEOREM 7.6. If —F is positive, then НМ, O(F)) = 0 ога <n- 1. 


Proof. Serre duality gives H*(M, ОР(Е)) = H" *(M,Q" ?(—F)) where 
dim M = п. Notice that О" = O(K) and let p = 0. Then 


H'(M, Q9(F)) = H"^*(M, Q'(— F)) 
~ HM, OK — F)) 
=0 for n—-q2l 
if K — F К = —F is positive. Q.E.D. 


We also have: 


THEOREM 7.7. If F is "sufficiently" positive, then НМ, Q?(F)) = 0 (where 
F is a line bundle) for q 2 1. 


Proof. Again we use 
HYM, ОР(Е)) z Ж-Е) 
= {Ф| О.ф = 0, o of type (р, 4)}. 
For q e 3£?:*(F) we let the reader check the following inequality: 


c" Е Я CEDAT UU Pee 
oz f Say $ (X5- К, )Ф,, .. а --. в, Ф | ац Pa 


T, H Qi, Bx 
= р 2 > > К" Praz- apab- Ва p a2 Epupr--- Ва | 
t,À H, a ai, Вк 


Thus if X*, is sufficiently positive definite, then the integrand is positive for 
ф #0 we see Ж? = 0. Q.E.D. 


We now proceed to a generalization of Theorem 7.6 due to Nakano 
(1955). As usual M is a compact Kahler manifold and F = { f;,} is a complex 
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line bundle with metric {a;}. Remember that (9, 9); = {(1/a,)9(a;¢,)}, and 
so forth. 


LEMMA 7.2. (00,--0,0)p = X ^ 9, where X = – 00 log a, and ge 
D (AP*(F)). 


1 
Proof. We have (0,9); — " olaj’ o D 
j 


= (09; + ô loga; ^ 9). 


Thus, 
0(0, 9); = (009; + 00 loga; ^ ф — ô loga; ^ до). 


Add 0,09; = (009; + 0 loga; ^ ðp;} to get (00, + 0,0)p =X ^ Q. 
Q.E.D. 


THEOREM 7.8. [Nakano (1955); Calabi and Vesentini (1960)] Let oe 
Г ( AP*(F)) be such that dg = 9,« = 0. Then 


0x /—1(X ^ Ao — A(X ^ 9), 0). 


Proof. 0 € 4/ —1(0,9, 0,9) = (80,9, P) 
since (ду, V) = (Ф, 9,0) and (80, џ) = (о, ay). By Proposition 5.4 
— J/ —18 = 0^ — Ад. Hence 
0 < (90, Q, Ф) А т | (0^0, P = Add, Q, ф) (3) 
= / -1 (Að, p, 8,9) — / — 1(А(дд„ + 0,0), Ф) 
= —/—1(А(Х ^ 9), 9). 
But we also have 
0 < (8o, 99) = (0,90, ф) = V — 1 (ô JAg — 0, Ad, o) 
= \/ – 1 (0,00, @) 
= / — 1 (0,04, 50,A9, ф) 
since дф = 9,0 = 0. Thus, 
J -1(X ^ Ag, 9) > 0. (4) 
Now as Equations (3) and (4) to get the theorem. Q.E.D. 


THEOREM 7.9. [Nakano (1955)] If F is negative, then 
НМ, 9?(F)) = 0 forp+q<n-—|1 


when n = dim M. 
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Proof. By the harmonic theory 
H*(M, Q'(F)) = (9| o e TPF), др = 8,9 = 0) = ЖРА(Е), 
where IPF) = I(AP"(F)). By Theorem 7.8 if o e XPF) 
0 x / — (X ^ Ao — A(X ^ 4), 9). 
We let the reader verify the following equations: 


(X ^ Q)., ^ Gallo ++ Ba zm (— 1) У, Хр, Pa, ~- appi o Bg 


P ' 
+ 2, C7 D Xa, Pao Bi В, $e 
i^ 
а k 
+ D 1) Хор, Qa, ‘+ &pBo at Îr Ba 


p.d | 
4- 5 (-1)^* X «B Фаз Pr Ba 


i-1,k-1 


— M - AA(X ^ Фф), raphy Be = (—1)” Y 9" (X ^ ф)да, дри 
[m 
= у, g"^ Xi Pas apB 1 Ba 
BA 
Р | HÀ 
2, 2,0-0" Xon Qa, ... ài В.В --. 
+ p LODY PAX ig. Фа, apa By 


+2. i. A 1) ** X, p, g" рл ш... 


и.А i=l, 


Thus, 
os [ = EID ^X ii Qa, .. "T gh th By 


— p » g"^ X, Piar- ap appi Bg ф?? pfi Ба 
== q У g"^X;; Qa, чарів Ba q^ Ut &pvB2 Н Ba), 


Since F is negative, — X; is positive definite at each point. (We should use 
Theorem 7.4 here; that is, we choose a; so that — X}; is positive definite.) 
Now 


w=) — X,,dz* ^ dz" = д 0 log a; 
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and o satisfies 


do = а(У — Xj; dz^ ^ dz") = 0. 


Thus we may use — X,, asa Kahler metric on M. Hence, assume 9,5 = — Xap- 
Then 
2. g” X, = —8; 
апа 
У бї = п. 
Finally 


409m 2 d po dq x» 


ese 
0 < w" рВа. 
ET s п+р+ 9) У 94,5, Ф?” 


So 0 < (-п+р + 9)(0, o). But p + 4 < n and we see that o must be 0. 
Q.E.D. 


8. Hodge Manifolds 


Recall that by de Rham's theorem a Káhler form on a manifold M deter- 
mines an element of Н?(М, C). We also have the image of the canonical map 


H'(M, Z) —— H?(M, C) 


which we denote c > cy. 


DEFINITION 8.1. Y g,g dz* dz? is a pd metric on M if [w] = cc for some 
сє H*(M, Z) where w = i Y g,g dz* ^ dz". 1f M has a Hodge metric, then we 
say that M is a Hodge manifold. 


THEOREM 8.1. M is a Hodge manifold if and only if there exists a positive 
line bundle Fe H'(M, 0%). 


Proof. Suppose Fe H'(M, 0*) is positive. Then, by Theorem 7.4, 
c(F) e H*(M, Z) is cohomologous to (1/2zi) X where X = —0 0 log a; = 
Y, Хр dz^ ^ dz" and (Хд) is positive definite. Thus g}; = (1/21)X л defines 
a Hodge metric on M. 


Next we assume M has a Hodge metric, that is, w = i È g,g dz^ ^ dz? 
with ш cohomologous to сє for сє H^(M, Z), and (Jag) positive definite. It 
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suffices to show that there is a line bundle F such that c(F) = c; because then 
(— F) | Y Xag dz" ^ dz? 
ci — пызле a ’ 
2ni P 
with Хр = 2л g,g, and hence — F is positive. Recall the exact sequence 


—— H'(M, 0*) —9 H?(M, Z) —> H?(M, 0) —9 :-- 
Е ——» c(F). 


Thus, it suffices to show pc = 0. Let c be defined by the 2-cocycle c = {с}. 
The proof involves chasing through the de Rham and Dolbeault isomorphisms. 
Consider the following diagram: 


QU C) = I'(dA!)JdT(A!) 
ce H?(M, Z) ce ay (1) 


^ "H*(M, 0) = I(6A49:3)]0T( А") 


uc —— ф92) 


As in the argument of Theorem 7.2, we can find differentiable functions 4j; 
such that cjj, = O(A}ij, = Aj, + Ay; + Ajj. Then we can find differentiable 
l-forms y; such that dA, = V, — фуу. Then v in Diagram (1) is obtained by 
V = dy, = dy;. For the Dolbeault isomorphism, OA jk = Ф, — Фу, where the 
p; аге (0, 1)-forms. Then ф = дф, . We can split up y; = y; 9 + y C? into 
forms of type (1, 0) and of type (0, 1). We know that d = д + ĝ so we compute 


дА jk = yim – Шке), 

дА = ШО — yen, 
Thus we may assume that o, = №). Then ф = dp? = 009 2) [the (0, 2) 
part of y]. Thus, if cc 9 y, uc Ww ?. Now we have assumed сє ~ o which 


is of type (1, 1). Thus y = o? + dg, with n = nt” + nP. Thus pO? = 
Ön which means ис = 0. Q.E.D. 


With the obvious definition of elements of type (1, 1) in Н?(М, 2) we 
have: 


CoROLLARY. Let M be a compact complex manifold. Then the image of 
the map H'(M, 0*) 5 Н? (М, Z) is the set of elements of type (1, 1). 


We now give the proof of the main theorem of this chapter which can be 
considered as a generalization of the fact that every compact Riemann surface 
is algebraic. 
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THEOREM 8.2. [Kodaira (1954)] Every Hodge manifold is algebraic (that is 
it is a submanifold of some P). 


We first outline the idea. We know there is a positive line bundle 
E e H'(M, 0*). Let Е = mE where m is a large positive integer. Let 


dim H*(M, ((F)) = М + 1 


choose a basis (f,,..., By} for H'(M, O(F)), and let Е be defined by the 
l-cocycle { f;,} with respect to some covering {U,} of M (remembering that 
the fix are never zero). By definition 


В, = {B, (z)}, В, (2) = faz) : BY AZ), 


where the [, (2) are holomorphic on U;. Consider the candidate for a map 
Ф: M P" given by 


Ф(2) = (В, (2), ..., Bw (2)) forzeU,. 


It is easy to see this is well defined as a point of P if for every z e M there 
is an index v such that £,(z) = 0. We want Ф to be an embedding. To prove 
this it suffices to prove: 


(1) Givenz e М, at least опе B,(z) = 0, that is, thereisag e H*(M, O(F)), 
ф = У c, B, such that ф(2) x 0. [Then (1) implies that Ф is well defined and 
holomorphic on M.] 

(2) Ф is injective, that is, for any pair of points p, дє M, there is ф є 
H*(M, O(F)) such that ф(р) 4 0, ф(д) = 0. [In fact, this also implies (1). ] 

(3) Ф is biholomorphic, that is, for each point p there exist n (= dim M) 
elements q,,..., 9, E НМ, O(F)) such that 


OP a (2 j) 
det uw # 0 at 2 (р), 
where p e U}. 


We first prove (2). Let 2 = O(F — p — д) be the subsheaf of O(F) con- 
sisting of germs of holomorphic sections of F which are zero at p and q. Let 
us investigate the stalks of Z. Clearly, 


S,=OF)., ifz#zp,z#q 
SF, = {фе OF),| 9p) = 0, ‘f pe U;} 
and similarly for g. We have the exact sequence 
0 ——9 F ——> 0(F) ———9 F" —— 0, (2) 


where S” = 0(Е)/. is the quotient sheaf. Then S} = 0 except at p or q. 
Clearly $^, = C, $^; = C and the isomorphism depends on the choice of local 
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coordinates around p and q. This shows that НМ, S”) = C Ф C. The exact 
cohomology sequence of (2) is 


0—— НМ, 9) —— НМ, ((F)) —9 СФ C — H'(M,g)—— --- 
ф ——— (o p), Ф,(4)). 


We sometimes use the suggestive notation Y = O(F — p — q). To prove (2) 
it is sufficient to prove: 


PROPOSITION 8.1. If M is compact and Kahler and Fe H'(M,0*) is 
* sufficiently positive," then 


НМ, ((F — p — 9) = 0. 


Proof. The proof makes use of the quadric transformations Q,, Q,. 
Let M = Q, Q,(M) and let P be the holomorphic map Р: M > M of M onto 
M such that C = P^ !(p) and D = P" д) are isomorphic to P"^! with dim 
M =n, and P is a biholomorphic map on M — C — D, P : M — C — D > 
M — p —q. Let Y = OF — p — q), Ž = OF — C — D), where F is the holo- 
morphic line bundle on M induced by P and Ž is the sheaf of germs of holo- 
morphic sections of F which vanish on C and D. Let % = {U j} be a covering 
of M. Then & = {0}, Ü, = P^ О) is a covering of M. We recall that 


H*(M, 9) = lim AX, 5) 
U 


and for q = 1, the map H'(4, Y) > H'(M, 5) is injective. We prove: 


LEMMA 8.1. If 
H'(M, O(F — C— D) = 0, 
then 
H'(M,0(F — p — q)) = 0. 


Proof. It suffices to show Н!(@, Ф) = 0 for all coverings %. Take a 
l-cocycle 9 = {ф;;) e H'(&, 9), pye r(U: п U;, S), where o; is a holo- 
morphic section of F over (О; м U; such that ф,(р)=0, ojj(q) = 0 if 
p,q€ О; ^ U;. P induces 


i; = P*pij— ф:;° PE гб, а Ü;, O(F)), 


where $;; vanishes on C and D if CC U,;nU;, DSU; о Ü,. Thus {6;,} 
represents an element of H'(Z, F) c H'(M, 9) = 0. Hence ф,, ~ 0, that 
IS, Q;; = V;— V; where each y; e I(U;, O(F)) and vanishes on C and D. If 
U;S M— p—q, then P: Ü, ИО, is biholomorphic. In this case there is 
q; € I(U;, 0(Е)) such that vy; = P*(ọ;). If, for instance, рє U;, then 


138 GEOMETRY OF COMPLEX MANIFOLDS 


P:Ü, —C5 U,—p is biholomorphic. Hence there is o; € I(U; — p, O(F)) 
such that P*(o;) = y; on О — C. We can always assume F is trivial over U,, 
so I(U;, 0(Е)) = I(U;, 0). Thus we consider o; as a holomorphic function 
on U; — р. By Hartog's theorem qo; can be extended to all of U;. Then P*q; 
is defined on all of Ü, and must equal у; (by continuity, or the identity 
theorem). Thus ф;(р) = 0. Hence we have found o; € l'(U;, O(F — p)) such 
that y; = P*qo,. We have proved that there is a o-cochain (9,), o; € Г(О,, S) 
such that y; = P*o;, and thus P*oj; = P*o; — P*o;. But P is surjective, so 
Pij = 9; — Фу. Thus (9;j) ~ 0, and H'(4, Ф) -0. QED. 


REMARK. Relations between H*(M, S) and H*(M, F) are not easy to see. 


To prove Proposition 8.1 it now suffices to prove НМ, Ё — C — D) 
= 0. Let [C] and [ D] be the corresponding bundles of the divisors C and D. 
Then we must show that НМ, OF — [C] — [D])) =0. To prove this it 
suffices to show that F — [C] — [D] — K(M) is positive, and then quote the 
vanishing theorem. 

We want to show that 


F—[C]-[D]- К(Й) > 0 
if т is sufficiently large, where F = mE, and K(M) is the canonical bundle 
of M. Therefore we would like to compute с([С]) and с([0]). First we find a 
1-сосусІе on M representing [С]. Let z be a coordinate chart map centered 


at p e M, and let U = {z| |z| < 2e}. Let Р: M — M. Let us describe the normal 
bundle W of C in M. Let 


V, = (ue P"! |u = (ш, 75, Up), u, # 0}, 


where 14, ***, и, are homogeneous coordinates for P^^!, Then 


n 
—1 
p” = U V, 
А= 1 
апа 


И = uU (V, x C), 
A=1 


where we identify (и, w,) and (v, w,) if and only if 


и = 0, с а (3) 
и, и, 
We could define Р: W — U by 
W 
P(u, wj) = — (uy, °°", Uy) (4) 
и, 
(= xd 
- tty Wag tt 
и, и, 
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Then Р"! = о, (V; x {0}) € W and we can identify C = Q,(p) with Р"! 
in W. Thus we consider a small neighborhood P^ (О) = U of "^! in W as 
a small neighborhood of C in M. On each V, x C, C is defined by w, = 0. 
Let Ü, = О a (V, x C) for à= 1, ···, n, and let Up © M — C be such that 


Q,Q(M)-M- Ооо Оро. 
We set wọ = 1 on Uy. Then the line bundle [C] is given by the 1-cocycle 


Gay = A on U, A U, : (5) 


Then (5) implies 9,0 = W3. 


Recall that, in general, if F is defined by {F,,} and if a; | fil? = a, for 
positive C? functions {a,}, then 


ФР) ~ — 0d log а. (6) 


We want to find such С° functions for C. We make use of a C? function « 
on M with the properties 


(1) a(z) = |z|? for ze U, |z| «e 
(2) a(z)=1forzeM—U. 


We define 
A,(w) = a(P(w)), we Ü, 


a(z) X 
A,(w) 7 wg? WE U,. 
4 


Notice, on С ^ О, local coordinates аге (A z 0) 


и, и, и, и» 
Thus, 
AW 2 
|w,| 
1 2 
= 1—6 u 
и, 
2 
y *À и, 


so the definition has meaning, and 


А, > 0 оп О, А = 0, ··•, и. 
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The A, satisfies 


Aia = А, 

SO 

E ox 

c([C]) ~ — д ð log A,. (7) 

2x 

We notice that 
2 
0 Blog A, = дд1ов1 t ai | 
у&А М, 


and this is just the standard Kahler metric on Р"! = C. We also remark that 
дд a(z) is a C” 2-form on M of type (1, 1). Since 


дда = d(0a) 
д д х is cohomologous to zero оп M, and the induced form О = Р*(ддо) is 


cohomologous to zero on M. We then define 


1 
С. = — (ô à log A, + Q). 
27і 


Then 
e, ^ c(—-[C]) (8) 
by (7), and in a neighborhood of C, 
2 
2nic, = 0 0 ов! + У zt | + 8 O(|z|?). 

vA |ua 
Recall that 

w 

z-(z,vn)- um (Ww, ve), 


Then 
дд(ў z,z,) = Y, dz, ^ dz, 
= dw, ^ dw, + PES 


Hence о, is positive definite in a neighborhood of C. We get similar results 
for D. 


Next we want to find a relation between K(M) — K and K(M). We prove: 


PROPOSITION 820. К(М) = Ё + (п – 1) [С] +(n—1)[D], where Ё is the 
bundle over M induced from the canonical bundle К of М. 


Proof. Suppose M = Q,(M). It is sufficient to prove 
K(M) = Ё + (n — 1) [C]. (9) 
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We choose U 3p as in the previous proof. Then we choose (U;,z;j co- 
ordinate systems on M such that {U} o {U,} covers M. Let (2', ++», z") bea 
coordinate system on M. Then the canonical bundle K of M is defined by the 
1-cocycle {Л} where 


dz! ^ ^dzi Ja dz; ^c Adz | onU,;n U,, 
dz! ^ a dz" = Jal dz ^c ^ dz on U ^ U,. 
On М we may use {U,, U,} as a coordinate covering where U; = P^ *(U5) = 


О , and Ü = P^(U) = л, U,, using the notation of the previous theorem. 
On U, we have the local coordinate system 


~~ 5 , Wi; Pope 
и, ua 
and 
wu , 
2° = : ifazA 
и, 
z = уй, ifa=A 


Computing, we get 


P¥(dz' ^*^ аг) = a(t) A'A a3 ^ dw, ^*^ au 


since 


dz“ = (A) =, (s + (=) dw,. 
и, и, u, 
Let (Ij, Iv» Га) be the Jacobians on M [which are used to define К(М)]. 
Then 


=|... гуе 
Is. ~ yY JR 
rite 7-1 
I ES ой 
А 
SO 
wi 
= жою 
Wy 


This proves (9) since w, = 0 defines c. 
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We now return to the proof of Proposition 8.1. Recall that Е is positive, 
that is, 


(Е) ~ y= -i У Yag dZ ^ dz?, 


where (y,5) is positive definite. For simplicity we write y > 0 or E> 0. We 
want to show 


F — [C] — [D] — K(M) = F — Ё —n[C] —n[D] > 0 (10) 
for large m. Let c(K) ~ к. Then 
c(F — К — n[C] — nLD]) ~m? — K + noc + nop, 


where y = P*y and к = Р*к. We choose m so large that my — к is positive 
definite on M. Then mj — & is positive semidefinite on M and is positive 
definite on M — C — D. But oc > 0 near C and op > 0 near D. Then Equation 
(10) follows. This proves Proposition 8.1, and thus part (1) and (2). 


REMARK. It is an easy compactness argument to see that one can find an 
integer т such that H°(M, mE) separates points for all p, дє M, p #4. 


The proof of C is almost the same as the proof of B. We want to show 
that Ф is biholomorphic at each p є M. Consider Y = O(F — 2p) which is the 
sheaf of germs of holomorphic sections of F which vanish at p up to order 2. 
Again we compute the stalks ^, and write down the exact sequence 


0 ———9 ¥ + Q(F) —— s?" ——»5 0, 


Ф. = (Е), z*p 


#,= (ole = 069 = У o akej 24", фе ФР), |. 
k, to tka-2 


Then 
9^7 = 0), ifzzp 


= [elec as 2 daz}, ifz=p. 
a=1 
Thus H°(M, S”) = C"*'. We write down the exact cohomology sequence 
0 ———> НМ, S) ——> НМ, O(F)) —— H*(M, S”) 
—? , H'(M, Фу——›.... 


It is easily seen that to prove is biholomorphic at p we need only show 
H'(M, S) = 0. To prove this we once again use M = Q(M), C= Ор). 
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LEMMA 8.2. If 

H'(M, O(F — 2[C))) = 0, 
then 

H'(M, O(F — 2p)) = 0. 


Proof. The proof is the same as that of Lemma 8.1. One only has to 
notice that if @ has a zero of order 2 at p, P*« has a zero of order 2 (at least) 
on C and vice versa. 


LEMMA 8.3. H'(M,0(F — 2[C])) = 0 if m is large enough where F = mE. 


Proof. Using Proposition 8.1. we find 
F —2[C] - K(M) = mE — К — (n — DEC] - 2(C] 
= mE — К — (n+ DEC]. 
Hence 
c(F — 2[C] — K(M)) ~ mj — K + (п + l)oc > 0 


if m 1s large enough. Q.E.D. 


REMARK. We again use compactness to see that there is an m which will 
work for all p e M. This completes the proof of Theorem 8.2. 


We now derive some consequences: 


THEOREM 8.3. [Kodaira (1960)] If M is compact Kahler and Н?(М, ©) = 0, 
then M is projective algebraic. 


Proof. The exact cohomology sequence of 
0 ——> Z —— 0 ———5 0* —— 0 


ylelds 


НСМ, 0*) —— H?(M, Z) —0. 


Thus everything in Н?(М, 2) is the Chern class of some bundle. Let 
(b,, +", bm} be a basis for the free part of H*(M, Z) so that 


H?(M, C) = Cb, + + Chn. 
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Each b, = c(F,) and hence is cohomologous to a real 2-form of type (1, 1). 
Let 


о = іУ Jag dz? ^ dz! 


be a Kahler form on M. We wish to modify о to get a Hodge metric on M. 
Since w e Н?(М, С) 


w ~ >, paba 
where о, € R (o is real and the b, are real). Given ё, we can always find 


integers k,, r e Z such that 


рд | < А= 1], ..., т. 
Е 


But then for a small enough e 


—k 
о -Y(P— 


defines a Kahler form on M where y, ~ b, is a real (1, 1) form. Hence à = rw’ 
is also a Kühler form. But 


S k 
sry nb (а 2h F kabe BM, 2). 


Thus @ defines a Hodge metric оп M, and M is algebraic. Q.E.D. 


Theorem 8.4. [Kodaira (1954)] Let M be a compact complex manifold. 
If the universal covering manifold M is complex analytically homeomorphic 
to a bounded domain 2 c С", then M is algebraic. 


Proof. We make use of the Bergmann metric on & [see Helgason (1962)]. 
We have M = B/G where С, the set of covering transformations of 2, is a 
collection of biholomorphic maps from 2 to 2. Let ds? = У д.р dz" dz" be 
the Bergmann metric on &. We claim 


(1) ds? is invariant under С and hence induces a metric У gag dz“ dz? 
on M = B/G. 

(2) If œ = (i/2n) У gap dz* ^ dz", w~c(—K); so we have a Hodge 
metric on M. 


This gives the theorem, thus we need only prove (1) and (2). 


Let # be the Hilbert space of all holomorphic functions f on 9 which 
have bounded norm 


If? = | ucor ах, 
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where 
dX —dx,:-:dx4,, and z,2 x4,-, t iX2¢. 


Let { f,) be any orthonormal base of X. Then the Bergmann kernel K(z, Z) 
is given by 


ко,2) = У 974) (= КО), 


The kernel K(z) is actually independent of the choice of orthonormal basis 
{/,} [see Helgason (1962)]. Then У Л„; dz" dz" is a positive definite Hermitian 


metric where 
д? log K(z) 
д2, OZ, — 


haz) = 


Let у:@— be a biholomorphic map, y(z) = Z’. 


LEMMA 8.4. 
BN CLA 
K(z) = Mil о, K(z ). 
Proof. 
ко) = У LOK) 
апа 
| ff) ах’ = | мәл) dX = ӧл. 
28 8 
Let 
РУУ 0(2') 
F(z) = fi) aa( 77^ 
and notice 
T é(z^) 
dX = e (22) dX. 
Thus, 


|, Ллах J.P F, dX =5,, 


and (F) gives a new base. Hence, 


KG) = "e 


pe! EAIA’) 


KG). Q.E.D. 
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Since G is a group of biholomorphic maps this proves (1). 

Now let К be the canonical bundle of M. Let 1 : B B/G = M. Let О, 
be an open set in M on which a local inverse of л is defined, and choose опе 
и; = п! to use as a coordinate chart for О, (uj(p) e C" if p e О). Suppose 
peU;n U,. Then there is y; € С such that u,(p) = у „(и (р)). The canonical 
bundle K on M is defined by the 1-cocycle 


s.) 


"n = det | 
and we have 


К(2;) = Fil? K(z,) 


by the lemma. Recall that if we have positive C” functions a; on U ; such that 
aj LR = ак, then 


c(—K) — ->ô Ô log aj. 
Therefore, let a; = K !(z;). Then 
i i | 
СЕК) == 00 log K(z;) = = У Jap 42% ^ аг?. 


This proves the theorem. 


REMARK. There is much interest in nonalgebraic Kahler manifolds. Kahler 
manifolds give examples of the minimal surfaces of differential geometry. 


[4] 


Applications of ЕШрїїс 
Partial Differential Equations 
to Deformations 


l. Infinitesimal Deformations 


We want to study analytic families of compact, complex manifolds. 
Informally, we are only interested in small deformations. We may as well as- 
sume our base space B, = {t| |t| < r, t e C") is an open disk around the origin 
of C". We want a manifold æ and a holomorphic map o : M — B, with 
maximal rank so that @ is proper and each fibre M, = 0 '(t) has the structure 
of a complex manifold which varies analytically with t. We want a covering 
(jj of M so that 


4 iG DII < 1, [t] < r} 
(= (Gj, 0, 5) 0(6;, t) =, 
and 
65 = 7566, t) оп 4 ; пФ, 


where / is holomorphic in ¢, and t. We notice that under these circumstances 
M, is diffeomorphic to Mo, and in fact, æ is diffeomorphic to X x B, , where 
X is the underlying differentiable manifold of Mo. Thus 4; = U; х B, where 
О, = (6,16; < 1}, and 


M=\)U,~x В,. 
j 


If x is a point of X, te B, we notice that 
Cy = 640, t) 
is a differentiable function of (x, t) and we have 
Ojo t) = fa Gk t), t). (1) 


Let M = M, = X and use the complex coordinates z of M as differentiable 
coordinates so that 


C(x, t) = 00, t), 


where C 5(z, t) is a differentiable function of z and t. Because t = 0, (г, 0) is 
holomorphic in z (otherwise it is only differentiable). 
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DEFINITION 1.1. Let 


ПЕРУ, 


belong to the tangent space to B, at the origin. We define (0M,/0t),., to be 
the cohomology class in H'(M, К given by the 1-cocycle 


(c) 
=o «0017. 


We want to represent {0,,} with a 1-form by using Dolbeault’s theorem. 
Let T be the holomorphic tangent bundle on M and © = @(Т) be the sheaf 
of sections. Then we have the resolution 


d d 
= y 2029 fae, t) 


д д 
0 ——+ © — A(T) —— 49: (T) —— :::, 


where 4°'4(Т) is the sheaf of C? vector (0, g)-forms. Locally, such a thing 


has the representation 
- § o(4). 
pTi \д2? 


of = — У qi, a, d2 ^ c A 42% 


where 


and 


Let us trace through the Dolbeault isomorphism 
I(0A"(T 

WM, Ө) = тту, 
Let (0M,J0t), 9 n. Then у is defined as follows: Pick £; e I(U;, A(T) 
such that 

Oik = ё, — ё; оп О, ^ U,. 
Then 
п = 06; = 06. 


ME 


PROPOSITION 1.1. 


_ 002,1) 
= -È (A77 ді 
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Proof. Let 
д « 
== (5 (#2, D) 
Then Equation (1) yields 
; Of ix зв (=) 
EET dank ee ee 


Thus, 


| д 
-xe(2) -eEG 
(s 


= 26 б" zala): 


If we set č = — Y 00/050), we get Oi = Ё, — či. Therefore, n = 0, = 
-F 200/94). ОЕР. 


We want to define a vector (0, 1)-form g(t), t € B which describes the 
complex structure of M,. With respect to the local complex coordinate z on 
a neighborhood W of M we have the differential operators 


д д 
a= (za) = (52), 


д 
= У i — 


and 


Recall that 
CK, t) = / (GG, t), t), 
where fj, is a holomorphic function of бу. Thus 


OF ik 


aD " Oz, t), 


Oz, t) = 2,0 


апі 


0,02, t) = »E (iG, 1). 


id 
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At t = 0, (z', +++, 2") are local complex coordinates оп M and (C}(z, 0), ++- 
(2, 0)) are also local coordinates. Hence 


0036, =| 
0. 
se 3 * 


[4 


So, for small enough |tl, 


det (225, Р) + 0. 


Let 


Consider the local 1-form, 


Y A, 002, t) = Xa. 1). 


We claim the form q^(a, t) is well defined independent of £;. For fi(¢,, t) 
holomorphic in ¢, implies 


д 
x Abs 20 
which yields 
pi(z, t) = j Al OC, t) 
ap 0 
т P t). 


We therefore define q^ = ф^(2, t). Then q^(z, t) is a (0, 1)-form independent 
of ¢;, but it still depends on the local coordinate z. Let z = zy. Suppose V is 
another open set in M with local coordinate zy. Let yy = Q^(zy, t) and 
A — nå 
фу = p (zy, t). 
If we set 


then 


00) = Y өг», (52) 


= 3 фу(2у, (5) 
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is a well-defined, global vector (0, 1)-form on M. Now by the definition of A7, , 


"a 


a oC; 
OC5(z, t) = У Q^ 37A 


Therefore 


(2 2 e^o, Jc. D) = 0. (2) 


PROPOSITION 1.2. The complex structure on M, is determined by g(t). More 
specifically a differentiable function f defined on any open subset of M is 
holomorphic with respect to the complex structure of M, if and only if 


(0 — È 9^ (00,)/(z) = 0. (3) 
Proof. We represent f(t) by 
Ф) = Delis dz: 
If f satisfies (2), then 
(a. — 2. exo, =0  foralla. (4) 
We use 


of Of 06? of a 
ar a 00 дг? 2, ot dz? 


and Equation (4) to get 


of 
Уза (2 F ө) + E zg O- E oai = 


Equation (2) implies that the first term is zero so 


+ (0, - Уе „= (5) 


Lan 
Since C%(z, 0) is holomorphic in z, ф(0) = 0. Continuity tells us that (ft) is 


y Ob; 
small for small t. Thus, 


(4. - X eta Jt 
B 
is invertible for small t. Hence Equation (5) yields 


of — 
ot 


J 
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Thus f is holomorphic in (2, t). We can read the argument backwards, so 
the proof is concluded. Q.E.D. 


We want to introduce a bracket operation in the algebra of vector 
0, q)-forms. Let us recall the Lie bracket of vector fields. If u = У u“ ôa, 
w=) w*d,, then 


[u, w] = У (u*0, w^ — wd, и?)др. 
a, В 
For the generalization, let 


a 1 a БАІ > 
p wo ^ А dz’? 

a 1 a dz"! ev dz" 
ү р) Wa- a 92 A ^ 12". 


DEFINITION 1.2. 


[o, V] = E (ре ^ д„ф# — (1P ^ 0,990; 


a, 1 


where 


1 
бф“ = 12,9 91, dz^' A: ^ dz’. 


PROPOSITION 1.3. 


(1) [o,v] is bilinear 

(2) №, Ф] = -(— D" Lo. y] 

(3) 010, V] = [0o, V] + (– 1'[o, oy) 

(4) (Do, LY, x]] + C- D" у, Cr, oJ] + C- 1)", Го, v]] = 0, 


where q is a (0, p)-form, w is (0, д) and, c is (0, r). (This is the Jacobi identity.) 


Proof. Uninteresting; we leave it to the reader. We collect our facts 
into the following theorem: 


THEOREM l.l. If o: A — B, is a complex analytic family of compact com- 
plex manifolds, then the complex structure on M, = co (t) is represented by 
a vector (0, 1)-form g(t) on M, such that 


(1) c(t) — tielt), o] = 0 
(2) Ф(0) = 0 


0M, д 
(3) x). — ee cu e Г(дА°(Т)). 
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Proof. (2) has already been done. As for (1), by Equation (2) 


(Y or (0, t5 — à) - 0. 
p 
So 


0 = «(Y Ф509, c) 


= У арда, — YOM) ^ дд). 
Thus, 
3 õp (1)0, 67 = y P(t) ^ ддс" 
= 3 p(t) ^ Oz » g(t)", sj 
"Le 0^0 4 
+È е0 л 9(00,9,0. 


The last term in this expression is zero, since f(t) ^ p(t) is skew-symmetric 
in B, у and 050,05 is symmetric in fj, y. So we have 


У 99" (005 05 = У p(t)’ л д, o" (00505. 
B y, f (6) 


Now det(0, C5(z, t)) is nonzero if t is small, so 0505 is invertible for small t. 
Then (6) yields 


Og" (t) = У p(t) ^ 0, o" (t) 
y 
= A[o(t), e(t) Y", 
since 
Lo, o] = Уф" ^ 0,9? — (—1)'o* ^ 0, q* 
=2) p" л д, ф?. 


Finally, for (3), we already know 


where 
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But 
06 = Y oopis + 2 q^(0)0, 05 ; 
В 


and the last term is zero, so 


[eg v xi xz) 
-Yv(zs) 
- . Q.E.D. 


et 


We wish to find conditions on a cohomology class p for it to represent an 
infinitesimal deformation. We first check to see that the bracket [,] extends 
to cohomology. Let 


o e T(0A^ "^ (T), 
y e T(04** (T), 
so that 
дф = ow = 0. 
Then it is obvious that 0[0, v] = 0. Also if = do, then 
[о. V] = [0, 0] = +o, о]. 


Hence, [,] induces а тар 
H'(M, 0) & НМ, Ө) — 2+ H***(M, ©) 
by using Dolbeault, and the facts just noticed, 


0, р- 1 
нем, ©): 04.7 (T 


ОГО " (T) 
Now let (t;, ***, tm) be coordinates оп B,. Then any infinitesimal deformation 
is a linear combination of ones of the form 
uos Maso 
Vat, o Na 


We claim: 


THEOREM 1.2. If pe H'(M, ©) is an infinitesimal deformation, then 


Le, p] = 0. 
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Proof. By using the previous remark we need only check that 


[n n] = 0 


for all A, v. We differentiate the equation 


Ce(t) — [o(t), Ф(0)] = 0 


twice at t = 0 to get 


2 2 2 
чш) - [Eo] [e] 


01, 01, Ot; t, Ot, t, 
Ё 2] 
Ot, ôt, 
05а 
— lat,’ at, 
Let 
] Е 
Стр = : 
2 Ot, Ot, 1=0 
Then we get 


[1,7,]— 00,» 0. Q.E.D. 


We remark that this is not a sufficient condition, and the higher derivatives 
give more information. It is quite difficult to compute [p, p] for a general 
p € H'(M, ©), but in most specific examples we get [p, p] = 0. 


2. An Existence Theorem for Deformations l. 
(No Obstructions) 


We aim to prove the following theorem: 


THEOREM 2.1. [Kodaira, Nirenberg, and Spencer (1958)]. Let M be a 
compact complex manifold. Assume that Н?(М, ©) = 0. Then there exists 


a complex analytic family An Sy B, , where 
B, = {t| |t] <£} € C", m = dim H'(M, Ө), 
such that: 
(1) My o (0) = M. 


(2 The map T,(B,) 9 H'(M, ©) given by (0/0t) > (0M,/Ot), y is sur- 
jective (in fact, an isomorphism). More specifically if {B,,---, B,,} is a base 
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for H'(M, ©), then we can define „# so that 
aM, 
(<=) s [ОГУ == 1,:::,m. 
д1, '=0 


Proof. We will accomplish the proof in the following two steps: 


(1) Construction of a vector (0, 1)-form 


P(E) = ) Qu as f i o 


such that 
Ф(0) = 0, 
colt) – 300), Ф(0)] = 0, 
апа 
(em. = B, € H'(M, Ө). 
ot, t=0 


(2) Show that g(t) determines a complex analytic family by using the 
Newlander-Nirenberg theorem. 

First we survey the Newlander-Nirenberg theorem, which is sometimes 
called a “complex” Frobenius theorem. Let U с C" be an open domain, and 


(д 
о = У, фи dz (5) 


a vector (0, 1)-form on U. Let 


n= (og) - rta) 
We want to consider solutions to the equations 
L;f(z)-0 (1) 
on the domain U. The theorem [of Newlander and Nirenberg (1957)] is: 


THEOREM. If L; and L; are (complex) linearly independent, and if 
дф — Mo, Ф] = 0, 
then Equation (1) has n C? solutions /, (2), --:, f(z) such that 
se ( 2 du m n Л, е, 2) 40 


Za a a o) 


(that is, fi, - ^^, f, define a differentiable coordinate system on U). 
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REMARK 1. Iftis small, p(t) is small and L;, L; will be linearly independent. 


REMARK 2. Linear independence is needed; for if 


д д д 
-_= = = В >ы, 68 
a Ox? ðZ“ 2 д2* (p3 2; 


then Laf = 0 implies f is independent of х“. 


REMARK 3. If M is a complex manifold and о is given satisfying the con- 
ditions of the theorem, then by using (the proof of) Proposition 1.2 we see M 
has another structure as a complex manifold which is described by the form о. 
We say the almost complex structure @ is integrable, and hence associated 
to a complex structure. 


In order to construct our form g(t) we need to do some more potential 
theory. We want to define the Green's operator on 
L = (A9: *(T)) = the space of vector (0, q)-forms. 


To do this we introduce an Hermitian metric g,5 оп M, and define an inner 
product, 


(9, №) = J. барф" ^ №, 


where the * operator has been defined before. We have the adjoint 9 of ð, 
(99, V) = (Ф, Ow); and the Laplacian Q = 90 + 09. Then the space of 
harmonic forms 


H^ = {g|ge Z*, 00 = 0) 
= H'(M, Ө), 


defines a Hodge decomposition, 
4 = Н Ф 14 = H* AILT! -9.74*! 
into an orthogonal direct sum of subspaces. Thus, for pe 44, o = n + DY, 
ne Н“, y e Z’. Since y e Z^, 
Y =L + Y, Cen’, y еп", 
and 
Оу = DW. 


Thus 
ф=ң+ O №, нє Н“, y, LH’. (2) 
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LEMMA 2.1. The decomposition in Equation (2) is unique. 


Proof. Surely у is unique. If y', y are both orthogonal їо Н“ and 


ф=п+ 0%, 

ф= п + Оу, 
then 

Hw’ — y) =0 
and 

V'—vyeM*. 
But 


ур LH'soy/-y. QED. 


DEFINITION 2.1. Given g, the unique y, making Equation (2) true is denoted 
Сф, and the mapping o — Go defines С: .Z" — O.L". С is called the Green's 
operator, and is a linear map. We write n = Но and call Н the harmonic 


projection operator. Then 


o = Ho + (Ge. 


PROPOSITION 2.1. ðH = Нд = 0, 9H = H8 20, GH = HG =0, 0G = GG, 


9G = G9. 


Proof дНд = 0 since Hy e Н“ = (y | ду = 90 = 0). 


Hog = 0 since дф € 0.Z* L Н“. The proof that 0 = 9H = НЭ is analogous. 


HGq = © since Сф L Н“. For GH = 0 notice 
Ho = ННф = Но + ПСН, 


and uniqueness yields GHọ = 0. The proofs of the last two are similar to 


each other so we only prove the first of them. Recall 
00 = «(09 + 90) = 090 
and 
09 = 090. 
Thus 20 = Од and 
дф = д0 Со = 006 
= Hog = 0600. 
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Since дСф L H? and Ндо = 0, we use uniqueness of decomposition Equation 
(3) to see дСф = Сд. Q.E.D. 


To proceed further, we need to introduce the Hólder norms in the spaces 
L°. To do this we fix a finite covering {U ;} of M such that (z,) are coordinates 
on U;. Let o e 2%, 


p= Xe) 


J 
A A dz Acc д dz% 
PIT q! P ja, -- a, 02) j’ 


Let k eZ, Kk 0; Є, О <а< 1. 1еїй —(h,---, han) h; > 0, E. h; = |h] 
where n = dim M. Then denote 


д hi д h2, 
D'i—!i--[— zt x^? yixt, 
j Ox! Ox?" , j j j 


Then the Hólder norm ||||,,, is defined as follows: 


ПФ, + == mal » (sup |Di Dix, Hs 12) 
J 


zeU; / 
[А <k 


р" 1 T. sd р" A | Z 
aie ID; Pia, a (Y) j 9j (2)! | (4) 
nre ly — 2] 


where the sup is over all A, о, +--+, а. We have the following a priori estimate 
of Douglis and Nirenberg (1955). 


lel... < СО|Г1Ф[к-2+« + lllo) (5) 


where k > 2, C is a constant which is independent of ф and 


À 
lolo = max sup |%g,...2,(Z)I. 
J zeU; 
À,81,7* saq 


REMARK. One can see that two norms defined as in Equation (4) for two 
different coverings {U ;}, {Uj} induce equivalent topologies on . Z^. 


PROPOSITION 2.2. ILo, V ]lu«a € СФ, + ЇФЇ|к+1+«› where C is indepen- 
dent of o and y. 


Proof. We leave the simple check to the reader. 


We need to know the following strong kind of continuity for the Green's 
operator G: 
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PROPOSITION 2.3. ||Goll,4g< Coll, 2.4. k > 2, where C depends only on 
k and a, not on q. 


Proof. We use Equation (5) to get 
1Сф|, + < СОФІЇ, -2+а + ЇСөФ|һ) 
< C(lo — Holi-2«« + lGollo) 
€ С(1Ф11,-2+ + ЇНФЇк-›+ + lIGollo). 


The space Н“ is finite dimensional, so let {6,}"_, be a base. Then 


Ho = Y (o. БВ, 


SO 
Ф, -2+а < 2. ПВ, -2+а тах (Ф, B,)| 
€ Ci ЇЁ,Їк-2+а)ЇФЇЇө 
€ С, |Ф\,-2+а. 
Thus, 


\СФ[|к+„ € С,(|Ф[к-2+« + Gollo) (6) 
and we need only prove 
IG@oll < Ca ФІ, 2 +а› 
that is, 
[Gollo 
lollk-2+a 
Suppose (7) is not true. Then there is a sequence ~” such that 
l Go "ilo 
I жее 
у le lk-2+a 


“С, (7) 


= + oo. 


By multiplying gy by a constant we may assume that ||Go® ||; = 1, and then 
|p ||,-24¢ 0. Then Equation (6) implies that 


IGo™ lka x К (15 bounded for k > 2). (8) 
Write 


| А 
Сф = 7i ), (Go), -a dzj! ^t ^ ат. 


jai 
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Then Equation (8) implies that each of 


(Go ys... a, 


and all of its partial derivatives up to order k are uniformly bounded and 
equicontinuous. We are in a position to use Ascoli's theorem. We can choose 
a subsequence {р |n = 1, 2, +++} such that Go? and D^ Goo? converge 
uniformly to y and D} for |h| < k. For simplicity let us replace v, by v. Then 
we get 


(V, V) = lim(Go'?, y) 


=lim(Go™, Осу + Hy) 


У со 


(since Go LH) = Пт (Соо), OGY) 
(self adjointness) = lim(L1Go?, Gy) 


= lim(g? — Ho”, Gy) 


(since ф 2 0) = 0. 
Thus y = 0. But we should have |||, = 1, since 
б = lim Сф), = 1. 
This contradiction proves the proposition. 
Let us now begin to construct the g(t) of Part (a). We use power series 
techniques but we notice that we could also use the implicit function theorem 


for Banach spaces [compare Kuranishi (1965)]. We want to construct 
p(t) = $ , o, (t), where 


Put = — à фу, 


vit б t vau 

and each g,,...,, € (A9! (T)) such that 
дф(ї) — 4Le(t), Ф(0)] = 0, (9) 
Qt) = È tst (10) 


where {n,} is a base for Н! => H'(M, ©). We use a method due to Kuranishi. 
Consider the equation 


p(t) = 9,(t) + 39G[o(t), ф(1)], (11) 
where q,(t) is given by (10). We first show that (11) has a unique formal 
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power series solution g(t). In fact, this is clear since 
p(t) = 19G[o,(0). Ф,(0)] 
p(t) = 296([ф\,(1), 9200] + [Ф›(1), ф,(1)]) 


гй) = 396 (Y Гө), 04-01). (12) 


PROPOSITION 2.4. For small |t|, g(t) E ф,(1) converges in the norm 
| ioa: 


Proof. Let 


p 00 
A(t) 2 — "( t Toà) 
(1) jo 2^ 


= у... gh 
m Уу. Ais E lme 


As usual, |Ф(1)к+, < A(t) means [Py vm leta S Ay, vms and o'(r) = 
Qi(t) +: + 9,(t). Then (12) is equivalent to 
Q"(t) = 19G[o" ^ ! (t), o^"! (r)] mod r"*'. (13) 


We want to choose f and y. Suppose they are chosen so that ||ф“ !(t)|, ., < 
A(t). Since 8 is a linear differential operator of first order, 


|49G[q, Whileta < C, iGLo. №111, 4 1 +а 
sS CiCk a ILo, Yllik-1+a 
< СС, „СФ, +. llus. 


by Propositions 2.2 and 2.3, where C,, C, „, and C are constants independent 
of o and y. Hence by (13) 


Пф (1), +, < СС. С lo" DI, aa lo- NO m 
< СС, C(A() 


< сс, .с(5)ао 


as in Section 3, Chapter 2. Thus choose f and у so that C,C, , C(fj/y) < 1. 
Then [o"(t)], 4 < A(t). These constants are all independent of д. So if В 


and y are chosen so that |[o'(t)]|, «4 < A(t), which is clearly possible, then 
C, Cy С(В/у) < 1 yields 


lolka < AC). 
So for small |t|, p(t) converges. Q.E.D. 
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PROPOSITION 2.5. The g(t) of Proposition 2.4 satisfies dg(t) — Holt), 
Ф(1)] = 0 if and only if H[(t), q(t)] = 0, where Н: T(A°?(T)) > H? = 
H*(M, Ө) is the orthogonal projection to the harmonic subspace of .Z? = 
г(492(Т)). 


Proof. К дф = [0, ф], then 0 = Ндф = 1H[q, ф], since Hó = 0. Con- 
versely let H[ọ, 9] = 0 and set W(t) = óg(t) — 1[Фф(г), Фф(0)]. Then each 
n, € H' so én, = 0 and 


2y(t) = 09G[o(t), o(t)] — [e(t), ф(1)]. 


Recall that any о can be decomposed о = Ho + []Go. Since H[g, 9] = 0, 
we get 2y(t) = (09G — L1G)[o(D, o(1)]. Because O =09 + 90 we get 
2y(t) = —9eG[oXt), ф(1)] 
— 960[Ф(1), e(d] 
— 28G[6o(t), oXt)]. 


[| 


This last equality is true because 
dle, Ф] = [dg, v] — [0, дф] 
= [00, 9] + [00, рф] = 2[00, Ф]. 
Then 
p(t) = —9G[0q(t), e(t)] 
= —9G[W(t) + tielt), ф(1)], o(0] 
= —8S8G[v(t), e(t)] 


by the Jacobi identity. Estimating, we get 


IYD ilk+a S C1 Cr, a СПС), + ФО) + 


Choose |t| so small that ||g(t)], „С, С, C < 1. Then we get the contradiction 
lulius < ПИС), + unless Y(t) = О for all small t. Q.E.D. 


With the assumption Н?(М, ©) = 0 we have completed Part (a) of our 
task. We should notice the dependence of ф on z and t. 


PROPOSITION 2.6. @(z, t) is C? in (z, t) and holomorphic in t. 


Proof. It is immediate that q is C* since the series converges т || |+. 
C? dependence is not so obvious. То give the proof we refer to the regularity 
theorem for quasi-linear elliptic operators [Douglis and Nirenberg (1955)]. 
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Since the у, are harmonic, 

De = 3L18G[o(t), o()] = 90GLe(), e(t)] 
—48H[o(t), o(1)] + 39L[o(t), o(t)] 
= 39[o(t), Ф(0)]. 


Since ф is holomorphic in t, 


= Q^g(t) 
= 0. 
p 01, ot, 
Thus q satisfies 
" д°ф(1) 
У L— + Ue) – tolt), o(t)] = 0. (14) 
у=] д1, ot, 
Equation (14) is quasi-linear elliptic since 
m д? 
+ 
p» 01, 01, ш 


is elliptic and 9 is first order. We know that ф(2, t) is small for small t and 
that the coefficients of (14) are C?. Under these circumstances the regularity 
theorem says that solutions of (14) such as q(z, t) are С°. Q.E.D. 


So with the assumption that H^(M, ©) = 0, the Newlander-Nirenberg 
theorem implies that each g(t) defines a complex structure M, on M. Thus 
we obtain a family ( M, |t| < €} of complex manifolds. 


PROPOSITION 2.7. (M,||t| < =) is a complex analytic family. 


Proof. Consider g(t) = У @§(z, t) dz'(0/0z") as a vector (0, 1)-form de- 
fined on M x B, where B, = {t| |t| < =}. Then q(t) satisfies the integrability 
condition 0 = dg(t) — 4[o(t), p(t)] on M x B, where 


Jolt) -X d dP + » 0 ат 


and 20ф(1)/07 = 0 since ø is holomorphic in t. Thus ф determines a complex 
structure Æ on M х B,. The local complex coordinates of æ are solutions 


C of 


ôt — Y 9/05 - 0. (15) 
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Equation (15) is satisfied if and only if 
д дё 
SE. ы [лу n ENT 
are Ae а= 
X. (16) 
o ^ 


Hence, on some coordinate chart V; = О, x B, © M we have n + m inde- 
pendent solutions ti, +, tms Ci(z, t), +*+, Cz, t) of Equation (15). So æ is 
a complex manifold such that the projection л: æ — B, is holomorphic of 
rank т and for each fixed t, 1^ ! (f) = M, is the complex manifold with com- 
plex structure given by M,. Q.E.D. 


This also completes the proof of Theorem 2.1. We remark that by the 
completeness theorem (see Chapter 2, Section 3) the family x: æ — B, is 
complete at 0 є B,. 


3. An Existence Theorem for Deformations II. 
(Kuranishi's Theorem) 


We want to discuss the case in which H^(M, ©) does not necessarily 
vanish. Again fix an Hermitian metric on M and define 9, 0, С, +++, and so 
forth. Let (5, |v = 1, +++, m} bea base for Н! = H'(M, ©). It is not necessary 
to know H?(M, ©) = 0 for Proposition 2.4 to hold. Thus we still have a 
unique convergent (even in the norms defined later in this section) power 
series solution (t) of 


p(t) = n(t) + 38G[o(t), o(t)], (1) 
where n(t) = y n,t,. And this g(t) satisfies 
de(t) — Holt), Ф(0)] = 0 (2) 


if and only if H[ g(t), o(t)] = 0. Let (8;| 4 = 1, +++, r) be an orthonormal base 
of H? and let (,) be the inner product іп A? = l'(A9**(T)) (note the change of 
notation from Section 2, А? +» L°). Then 


НФ), Ф001 = Y. (Lo, o0). Bf. Q) 


Hence H([o. 9]) = 0 if and only if ([o(t), o(t)], B) 20 for 421, =, r. 
Since (t) is a power series in t so is ([«(t), q(t)], B,) = 5,(t). Thus b,(t) is 
holomorphic in t for A = 1, ···, r and [t| small (|t| < е). Also 5,(0) = 0. Define 
an analytic set S as follows: 


S = {t| |t| < е, b(t) = 0, A =1,---, r). 
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Then S is an analytic subset of B, containing the origin and we have proved 
the following proposition: 


PROPOSITION 3.1. ọ(t) satisfies 0ф(1) — $[@(t), o(t)] = 0 if and only if t e S. 
COROLLARY. (Mi,|te 5} isa set of complex structures on M. 


We note that S may be singular; however, { М, | гє S) can be made into 
a complex analytic family over S. The details are in Kuranishi (1965). 

We want to prove that if y is a small enough vector (0, 1)-form such that 
ow — 100, v] = 0, then M, is biholomorphically equivalent to one of the 
M,, te S. This is the completeness theorem (an abbreviated version) of 
Kuranishi. 

We find it convenient to use the Sobolev norms since some of the con- 
tinuity properties that will be needed will be more transparent in these norms. 
For an open set U of К" and complex С° functions f and д defined on U, 
the closure of U, we set 


(9 = У | DC): D'a(x) ах, (4) 
a| xk "U 


where we use the multi-index notation a = (a, *:*, а,), à; 2 0, |а| = Ут, о, 
and D* = (a/dx!)* --- ([0x"*". Then 
Ifl m C» = WIE. (5) 


The classical Sobelev lemma states that if V is a relatively compact open sub- 
set of U, then there is a constant c such that if x e V and k > n/2 


ID^f(x)| € elf Mis al> (6) 


where c is a constant depending only on k, |«|, V, U. As a consequence of 
(6) we have: 


LEMMA 3.1. There is a constant c such that if k > n + 2, 


I/glk € cfl * 1915. (7) 


Proof. Let |f| < k. Then 
р/а) = Y. Dif: D'g. 
rt+s= 
Then either |r| + n/2 -- | € k or |s|+n/2+1<k when r+s=/, since 
Z| x nd К > n + 2 implies |/| + п + 2 < 2k. Thus, there is a constant к so 
that 


ID'fg(x) < к 2. “л |D*g(x)] + IDF) Ila lle) 
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for хє V, by Equation (6). Squaring, 
ID Fg)? < el У, (LAM Dao? + Celi? ДОН 
r+s= 


Now (7) follows easily. Q.E.D. 


By using a partition of unity, one defines |||, for any o e А? = 
Г(49% ?(T)). The estimates of the previous section are essentially the same and 
we list the ones we need. 


IL, v Tl. < сф, + 11+ [for alllarge К. (k > 2n + 2wheredime M = n).] 


(8) 
Holl, < с, (Ф|, (9) 
gall, < с, lol. (10) 


From now оп k will be chosen so that the conditions of Lemma 3 hold. 


PROPOSITION 3.2. For fixed y(t), Equation (1) has only one small (Ф|, < е) 
solution. 


Proof. Lett = ọ — g(t). Then 
t = 39G(L@, o] — [o(t), Ф(1)]) 
= 19С([т, o(t)] + Lo(t), т] + Er, т]) 
= $9G(2[t, o(t)] + [т, т]). 


Estimating ||t||, gives 


Icl = Ре, hol, + т) 
< Dito, + lila). 


If ||@(t)||, is small enough, the only way 
0 x x € Dx(lo(t)ll, + x) 


can happen with x close to 0 is for x = 0. Q.E.D. 


The set N = {n(t) = У n, t,||t| < e) describes a small neighborhood of 
Оє H'. For small enough e there is a one-to-one correspondence between 
4€ М and solutions ф of (1). This is proved as follows: If o = «(t) + 
13G[o, qo], then HÌ = 0 implies у = Ho. Thus у is uniquely determined by 
ф. Given у, call the small solution of Equation (1) (given in Proposition 3.2) 
ф. Then a correspondence F is defined by Fy = о. 
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LEMMA 3.2. Suppose M, is given, If 9y = 0, then y = g(t) for some t if 
lul, < д for small ô. 


Proof. 
ow — My, v] = 0, 
hence 
Ow = 95y + 09 
= 79, v] 


since дуу = 0. Then 
y — Hy = GOY = 168[y, Y]. 


Let n = Hy. Then y = n + 49G[y, v]; and by assumption |||, is small so 
that ||7||, is small by Equation (9). Hence + = n(t) for some |t| < e, and the 
remark just made shows that y = Fy = Fy(t) = c(t). Q.E.D. 


In general Sy з 0 so we must try something else. When we say that M, 
is holomorphically equivalent to М, we mean that there is a biholomorphic 
map f: M, > M, and f: M > M thus induces a diffeomorphism f: M > M 
of the underlying differentiable manifold M. Conversely let f be any diffeo- 
morphism such that its values and first derivatives are close to the values and 
first derivatives of the identity map. Cover M, with a system (U;, C5(z)} of 
local y-holomorphic coordinates and let {U;}, U; € U; be a covering of M 
so that f(U;) = U;. Then C5(f(z)) is a local holomorphic coordinate on U;. 
Thus q 15 determined by the equation 


VID) = У POBIO) (11) 


We also know 


n 


oC (z) E y^ (z)0, C2), 


that is, 


Q ii v f 062) 
azi 5 (2) = 2, ш) 


= 028 


(12) 
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Putting Equations (11) and (12) together we get 


or (f (z)) > 8 2 i 
УЙУ; ШШ af’ Жом TN of 
=F PO a à! Yo) а, $^ 


у apart +587) 


ote - 
= De gpa f tius] )Ф'(2). 


The matrix (0C*/0f^) is invertible since it is assumed that |||, is close to zero. 
Thus, 


ape) + YW) аро) 
zy (2, £82) +L vison, ropo. (13) 


PROPOSITION 3.3. Let M, be the complex structure induced from M, by the 
map f: M > M. Then q is determined by Equation (13). We use the notation 
V о f to denote о. 


Proof. We just notice that ||V|, small implies that 


(2, f'(z) + 3 Wi(f(z))0, f (o 


is an invertible matrix. Q.E.D. 
oe. 


Thus to prove Kuranishi’s theorem in the case 9y Æ 0 it suffices to show 
the existence of a diffeomorphism f such that 8(y » f) = 0. This is our task. We 
need to digress for a moment to describe a way of indexing diffeomorphisms 
close to the identity by the use of geodesics. 


We shall be brief, and refer the reader to any text on differential geometry 
for missing details. Let an Hermitian metric (gag) be fixed on M. Then we 
have the Christoffel symbols 


2 
2: ua 4 
iB 2 g (25 , 
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and if u(z) = У u*(z)(0/dz*) is a vector field, we have the covariant derivatives 


_ ди" 
= Qu* 
Viu = — 
А” Cop 
If z(t) is a curve in M, we define 
dr 


V,u'(z(t)) = у У, и" + У Vaus 


= uc) уга) 0 i ) uO), 


when u(z) is defined along z(t). Then the geodesics of M are the curves z(t) 
satisfying the differential equation 


(з) 


that is, 


= + 2, E «27 (1) Е (t) = (14) 


Since M is compact, all metrics are complete, that is, the geodesics through a 
given point with given tangent direction are defined for all time t. Let z°(t) = 
Z"(t, Zo, Č) be the solution of Equation (14) satisfying z*(0) = 20, (dz^/dt)(0) = 
£^. Then the following facts are easily verified by using existence and unique- 
ness theorems of ordinary differential equations: 

(1) z'(t, Zo, č) are C? in (t, Zo, €). 

(2) z'(kt, zo, €) = Z(t, Zo, кё). 


We set f"(z9, 4) = Z'(1, Zo, č). Then f is C? in (20, €) and f*(Zo, t£) = 
z*(t, Zo, ©). ини this relation we get 


Z q, 29,0) = ls L Co 1 + 3 Es 27 Go t0) 


So 


dz* " s 
= (0, то, &) = PAL aa o. 0)  £ ag Co 9). 
This implies 


ду" ду" 


Ј°(20, 0) = 20, za (20,0) = p> agi Uo 0)=0 
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The Taylor expanison then yields 


f'(zo, 6) = 20 + & + 0(1]°), (15) 


where 0(|£|?) is a term bounded by M |£|? for some M > 0 and for small |£]. 
Given a vector field € = 254 €*(z)(0/0z*) on M we define a diffeomorphism 
fe: MM by 


2° — } (2, (z)). 
By Equation (15) 
faz) = 2° + &'(z) + 0(15(2)]^). (16) 


We wish to calculate ф = vy » f. and we use Equation (13). We abbreviate 
(16) with / = z^ + ¢* + r*. Then (13) becomes 


OEP + Or +) VI (faz) + Ët + or) 


E + ô, éf + д, + л Wi(fe)(0, E + 0,7) p”. 
Multiplying by the inverse of the expression in brackets [ — ] we get 
p = д + Y IQ dz + 
= 00 + 2 VX(z) dz^ + Rp, 6). 
Thus, 


V ofe ==% + V + КОШ, 6), (17) 


where R(ty, t£) = t? R (Y, €, t) if t is a real number and both R, К, are C? 
functions of the parameters 4%(2), Џ(7:(2)), £&*(z), (0&7/dz")\(z), (a£"/0zP)(z) 
in local coordinates. 

In A? we have H?, the space of holomorphic vector fields on M. Using 
the L, inner product on A4? we let F° be the orthogonal complement of H°. 
So č e F° if and only if (£, у) = 0 for all у є Н, that is, F ° is the kernel of the 
тар Н: A? > H°. Then for £ e F°, 


ё = GOŠ + Нё = СП. 
Since 9 is zero on 4°, 9 = 0, and 
0 = 80€, 
yielding 
E = GIE. (18) 
Now give A9, A! and their subspaces the || ||, topology. 
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PROPOSITION 3.4. There are neighborhoods of the origin U and V in А! and 
F 9, respectively, so that for any y є U there is a unique č = (0) in V such 
that 


HW of) = 0. (19) 
Proof. Using (17) we see (19) is satisfied if and only if 


0 = 9(y o fe) = 80€ + 9y + SR(y, ©). 
By (18) 
E = GIE = — GSW — GIR(Y, ©). 


Thus (19) is equivalent to 
č + G9y + G9 R(y, €) = 0. (20) 


Now choosing neighborhoods U,, V, so that R is defined on U, x V, we can 
define a map 
h: О x V, Fr? 


by h(y, €) = ё + G8y + С9К(Џ, č). By our previous remarks on R(y, č), we 
see that h is continuous if U,, Vj, Fo have the || ||, topology, since R is con- 
tinuous as a map from U, x V, with the || ||, topology to А! with the || ||,_, 
topology. In fact, h is even uniformly continuous and hence has a (unique) 
extension to a mapping h of the completion of the domain to the completion 
of F?. Then the partial derivative 


ch), po__, po 
дё |(о, 0) 


where F° is the completion of F°, is the identity map. Then by the implicit 
function theorem [see Lang (1962)] there is a C? function g on a small 
neighborhood of the origin in the space A! (completion of А!) such that Equa- 
tion (20) is satisfied if and only if = g(V) for some y e U. Thus given y e U, 
where U is a small neighborhood in A’, there is a unique solution g(V) = ё of 
(20) which is sufficiently small. Then O + 9R(y, ) + Gis an elliptic second- 
order equation with С°. Thus, if ye U € A!, ё = g(V) satisfies 


02 + 8R(y, č) + 8p =0 
so Ё is С°, that is, č e F°. Q.E.D. 


Let us summarize our conclusions. 


THEOREM 3.1. (Kuranishi) 
(а) Let M be a given compact complex manifold, and let {ņ,} be a base 
for H! = H'(M, ©). Let g(t) be the solution of the equation 


p(t) = n(t) + 38G[o(t), o(t)], 
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where n(t) =)", tn, |t| < p, and let 
В = (t| H[e(t), ф(0)] = 0). 


Then for each t є B, g(t) determines a complex structure M, on M. 

(b) Let y be any vector (0, 1)-form satisfying ду — 4[W, у] = 0. Then 
V defines a complex structure M, on M. If |||, is small enough, there is a 
unique ё є F° such that y » f; = q(t) for some t e B, and hence M, is biholo- 
morphically equivalent to M,. 


4. Stability Theorems 


The main point of this section is to prove that if Æ = {M,} isa complex 
analytic family and М, is Kahler, then M, is Kahler if |t — t9| is small. We 
first study elliptic differential equations depending on a parameter. 

Let P = {t| |t| < æ, t = (ti, +t, t,)} be an open disk in С”. Let X be a 
compact differentiable manifold, and let 2 be a differentiable complex vector 
bundle over X x P. Let B, = Bly x41, be the restriction of @ to X х {t}. Then 
we can consider # = {B,} to be a family of vector bundles over X depending 
differentiably on t e P. Let 


18) = the space of differentiable sections of 2, 
L(B,) = the space of differentiable sections of B,. 


We are only interested in small deformations so we can assume that P is small 
and then there will be a finite covering ( Х,} of X such that 


Bly..p=C*" x X; x Р, 


that is, Z is trivial over X; х P. Let (¢}, x, t) be a local coordinate on @|у „>. 
Then the coordinate transformations on 2 are written as 


u 
UG = У, bá t 
у=] 
Ву an (even-order) differential operator 
E, : L(B,) ——> L(B,), 
we mean a map which can be written locally in the form 
u 
(E,W)i(x) = È ЕМх, t, DWC), 
where w(x) = (}(x)) is a section of B, and where ЕД (х, t, D) is a polynomial 
of degree m =0 (mod 2) in D; = (0/0x;). In our applications we will only need 
m = 2, 4. For E, to be well defined we must have 


92 EX(x, t, D;)bik:(x, у(х) = Y bx, DEGx, t, D4WA(x), 
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where 


Vila) = У bd. os DUC. 


We say that E, depends differentiably on t if all of the coefficients of 
E? (x, t, Das a polynomial in D;are C? functions of (x, t). We assume given 
a Riemannian metric on M and an Hermitian metric on the fibres of B, so that 


2 gis G0 ах, = у, gus (X, DOC, d X, 


is invariantly defined. We have written these expressions in terms of local 
coordinates for X where 


Ci = У bsc DU; 
and 
dX,=dx;---dx? (п = йт X). 


We assume that g;,,(x, t) are C? in (x, t). An inner product оп L(B,) is 
defined by 


(o. Wi = | Y uses Noi W(x) dX. (1) 


We will consider only those Е, which are formally self-adjoint; that is, 


(Ё, Ф, V), >= (ф, Е, V), (2) 


for all o, Y €L(B,). Let us see what this implies for the coefficients of E,. 
Let E(x, t, D;) be the terms of order m in E?(x, t, D;). Writing out (2) we 
get 


| у. Girt E™ (x, t, D;)o* (xix) + lower order terms 
X À,t1,V 
zt || 2. д; 1s P(X)E™(x, t, D)vi(x) + lower order terms. 
X ДА, У, т 


Integrating the first term of the left-hand side by parts and using the fact that 
m is even we get 


| gia ETY = P Jia: QE Wi + lower order terms. 
X 
This is true for all ф and у so we get 
5 gis Ei Yi = 2: gis Eia Vi 
for all y. Hence, 
а-в 85 gi de (3) 
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Replace (0/0x?) іп EZ" with ya. Then Е(х, t, y) is a homogeneous poly- 
nomial of order m in y with coefficients which are C? functions of (x, t). 
Equation (3) becomes 


Аш = А 
if Aj: = у уд En (x, t, y). We have proved: 


PROPOSITION 4.1. Equation (2) implies (3). 


We shall assume further that Е, is strongly elliptic, that is, 
(— pa y Aix, t, y)w, W, > 0 
А, т 
for any real у = (у;, *'', Yn) #0, апа апу complex w = (и;, ···, w,) x 0. 


We need to collect some facts about such operators. We quote the following 
well-known theorem which can be found, for example, in Palais(1965, p. 182): 


THEOREM 4.1. Е, has a complete orthonormal set of eignenfunctions 
(euis, © L(B,). Let the eigenvalues be A,(t). Then they are real and 


Een) m A(t)e rh , with (eu, , См T5 дд. 


[Completeness means that any vy є L(B,) сап be written as follows: 
V = 2. dj Cth» where a, = (V, е,һ), .] 
Furthermore we can arrange the e,, such that 
4.00) € A,(t) x °°: 


and lim, A(t) = + oo. 


The following theorem is proved in Kodaira and Spencer (1960), and we 
shall not prove it here. 


THEOREM 4.2. Each eigenvalue A,(t) is a continuous function of t e P. 


REMARK. A,(t) may not be differentiable. For example, let 
_ n 

у(0)0(1) 
be а Oth-order differential operator (just a matrix). Then 


a(t) + S(t) + /(a(t) — ô)? + 4Д(1) ÒC) 
2 


t 


A(t) — 
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which could fail to be differentiable when (a — ô)? + 486 = 0. Let Е, be 
the kernel of E,. Then 


F= WIES = 0} = у=, ЖОГО 


n(t) = O 


Let F, be the orthogonal projection to F,, that is, 
F, V == у (v, Г? . 


An(t)=0 
The Green’s operator G, is defined by 
1 
an(ty#0 A;,(t) 
F, and G, are related by the equation 
y = EG, + FW. 


We have already investigated the case Р = a point, E, = O, Е, = Н, Е, = Н, 
G, = G. In the general case we have the following theorem: 


G, V = (v, enern . 


THEOREM 4.3. dim F, is an upper semicontinuous function of t. This means 
that given to ,thereis a small enough e so that dim F, < dim F,, for |t — tol < e. 


Proof. dim Е, = d, is finite since A,(f) ^ oo. In the ordering of the 
À,(to) we have 


КАК) < 0 = Aja (to) = = Аа, (о) € Ajsas s i() 7. 


By continuity, choose & so that 4 (1) « 0 and 4;,4,,,(t) > 0 if |t — tol < c. 
Then in this disk d, < do. Q.E.D. 


Next we want to say what we can about the differentiability of F, and G,. 


DEFINITION 4.1. Given ү, є L(B,) for each te P, we say that y, depends 
differentiably on t if there is a у e L(B) such that 


V, = Wx x(n: 
Let (05 x,:) be a local coordinate on Z, where 
C; = У, bise DG. 
Then if y, = {W2(x)} in local coordinates, we have 
Vix) = У bise Dua). 


If y € L(2) is such that y, = |у; у, then y = (V (x, t) and у(х, t) = 
у(х) so V; (x) are C? in x and t. Conversely, if the y(x) are C? in x and t, 
it is easy to see that y, depends differentiably on t. 
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DEFINITION 4.2. Given a linear operator 4,: L(B,) ^ L(B,) for each te P, 
we say that A, depends differentiably on t if the following condition is satisfied: 
If v, depends differentiably on t, then A, vy, depends differentiably on t. 


REMARK. Е, depends differentiably on t in this sense. 


Given E,, let J = [a, f] bea real interval on the A-line such that 0 e J. We 
define 


F.()v = у, „09, е), 


An(t)e I 


бё = Y (e) 10S 


THEOREM 4.4. Lett, € P. If A(tg) # а, B for all A, then there is an open set V 
around t, such that F,(7) and G,(I) depend differentiably on t e V. 


Sketch of Proof. Consider a rectangular contour C in the ¢-plane as in 
the figure below. 


A-line 


Figure 10 


Let ¢ e C and form Е, — ¢. Then we have 


IKE, — Ovi? = I, (0, endl) — Cenlle 
= min Ал) — CP ME 


> k|iylž, 


where k is some constant (greater than zero), as long as t remains in a small 
compact neighborhood of tọ. This implies easily that (E, — () ! = G,(C) is 
defined and continuous. It is harder to see that G,(¢) depends differentiably 
on (t, ¢). This is proved in Kodaira and Spencer (1960). We can write down 
G,(¢): 


Qe) - eh) 


W= Y ape 
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Then integrating around the contour C we get 


1 
FD = — 55 | 640 ae 


because 


l d = i 
f : = | кше (A 1s real). 
C 


2nid c A— ( \ 0, ifAdI 


We also have 
1 dc 
GUD == | 67 
since 


e di -1 ifAel 
2ni-c(A — OC. M, ifAg I. 
Thus С, and F,(/) depend differentiably on t. Q.E.D. 


THEOREM 4.5. If dim F, is independent of t e V, where V is some open sub- 
set of P, then F, and G, depend differentiably on t. 


Proof. Since the A,(t) are continuous in t and dim Е, 15 independent of t, 
we can find a small open set U around t and small interval / = [—e, +] 
around 0 such that F, = F(I) and С, = G,(I) for se U. Then apply Theorem 
4.4. 


Before we apply these theorems, we need to make some more definitions. 


DEFINITION 4.3. By a differentiable family of compact complex manifolds we 
mean a triple (.4, c, P) where .@, P are differentiable manifolds, @ is a 
differentiable map of rank = dim P, and each M, = à (1) isa complex mani- 
fold. More precisely for each x, є M there should be a local diffeomorphism 
from 4/, xo 


X—— (zl, =, 2", jose Т") 


to a domain іп C" x К", where @(x) = (t, +-+, t") are coordinates around 


@(x), and such that for a fixed г, (z!(x), ++, z"(x)) is a complex coordinate on 
M,. On 4; ^ U, 


2 T (2, t), 


where / к is differentiable in (z,, t) and holomorphic in z, for a fixed t. Let 
T( M) be the complex vector bundle over Æ whose transition functions on 
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(=) 
025] 
T( M) is the bundle of holomorphic tangent vectors along the fibres of M. Let 
T*(.4/) be its dual and T(.Z7) its conjugate bundle. Then we set 


U; © U, are given by the matrix 


T*(r, s) = (^ Tm) ^ (^ Г"). 
We call 7 *(r, s) the bundle of (r, s)-forms along the fibres. Let r, be restric- 
tion to M,. Then we have 
r(T(4)) = T(M,) 
and 
* * 
n(7 (r,s))=T C *(M,). 


Let L” ° be the space of С° sections of 7* (r, s). Then L^ = r, L"? is the 
space of C? (r, s)-forms on M,. Any y € L'? can be written 


p= ris! =} Weed podes dz dz ib avt ЛЕ 6, 


where dz5 = (0/025)*. Our transformation law for (0/0z5) is 


Ga =, (м) 


dz5 = jd ; 
23 = р Oz: zk 


Thus the law for dzj is 


This implies that 425 is not the differential of 25. If it were, it would trans- 
form according to the law 


п OZ; 
= У del 02) ap. 
pa д2% 


Next, let 2 be a vector bundle on æ and let B, = r,(Z). Then L” 2) is the 
space of C? sections of Z @ F *(r, s) and L"'(B,) is the space of С° sections 
of B, & T, (M). If 2 is given by the transition equation 


u 
= 2 bi, (Z, LC, 
and y e 1" 2) is given locally by y = (Vj, +*+, W4), then 


E У Б, DV, > 
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where 


y; = Уд amer t) Ge, tee ^ dzh, 
We have assumed an Hermitian metric оп Z depending differentiably on t; 
hence, if ф,, Y, are in L(B,) and are C? in t, then (q,, V), depends diferen- 
tiably on t. We can introduce the operators d,, 0,, 0,, 9,, 0,, 9, acting on 


Lr? = L"*(B,). Then the operators 
О, = 0,9; s 9,0,, A, = d, д, T 01d, , E" 


depend differentiably on t. We now state the main theorem of this section. 


THEOREM 4.6. Let M —> P be a differentiable family. If М, = @ (tj) 
is a Kühler manifold, then M, = @ (t) is Kahler for |t — t9| small enough. 


REMARK l. A good problem would be to find an elementary proof (for 
example, using power series methods). Our proof uses nontrivial results from 
partial differential equations (Theorem 4.1). 


REMARK 2. Hironaka (1962) has given an example of a non-Kihler defor- 
mation of a Kahler manifold. Hence the theorem is only true for |t — ty| small. 


Proof. (of the theorem) Assume P = {t| |t| < 1) € R". Since М, is 
Kühler we have a Kahler form cg on Mo 


Wo =i) gag(z) dz^ ^ dz. 


We extend this to an Hermitian metric on all of the fibres as follows: Let 
(21, 7,25, 0, 777, f") be local coordinates on 7; = U, x Рс C" x К", such 


that z^, +, 1") = (t, +++, t"). Then on 4, 


is a C? Hermitian form which is independent of t. Let {р (т, t)) be a partition 
of unity subordinate to (7;j. Then we define 


о, = У pz, )о (2) = і У gug(z) 42° ^ dz. 
j a, f 


The metric w, depends differentiably on t and о, is the wọ we started with. Let 
our inner products (o, V), be defined with respect to the metric о, where 
o, V € L^. Then the operator П, = 9,0, + 0,9, is strongly elliptic and de- 
pends differentiably on t so our theorems apply. In fact, one can check that 
the principal part of 0, is 

2 


д 
= Ваа 
dg 0z* oz? 
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іп a local coordinate where (gP*) is the inverse matrix to (9:ар) (see, for ex- 
ample, Chapter 3, Section 2). We define the following spaces: 


25% = {ф|фє1;°0,ф = 0}, 
Z3 = (o | QE L: д, Фф = 0}, 
= Y Lm, 


"4524 
Zi = {ọlọ € Li, do = 0), 
HW = {ọlọ = L”, 0o = 0), 
H? = {ọọ E Li, А,ф = 0}. 
The theorems of Dolbeault апа de Rham yield 


nS 4 Z5 ~ HS r 
Н? = д 178-1 = H (M,, О), (4) 


H? = НЧ(М,, C), 


where €? is the sheaf of germs of holomorphic r-forms on M,. As usual, let 
hti? = dim Hr’, b^ = dim Н“. 


Then P? is the qth Betti number of M, (which is independent of t since all of 
the M, are diffeomorphic to each other). M, is Kahler, so 


Ao = 200 = 200. (5) 
This was proved in Chapter 3, Section 5. We have for each t 
0,0, + 0,0, =0 = 9,0, + 9,9, (6) 


since Káhler is not necessary for this. However, if the reader will consult the 
proof of (5) he will find that in the Káhler case (for example, t — 0) 


9509 + ĉo 9, = 0 = 95,9, + 9090. (7) 
Now we define 
E, = 6,0,9,9, + 9,9, 0,6, + 9,0,9,0, + 9,6,9,6, + 9,0, + 8,0,. 
Then 
(E, 9, V), = (9,6, p, 9,9,0), + (0,0, p, 0,0, V), 
+ (98,0, p, 9,0, V), + (6,0, д), + (4,0, dp). 


PROPOSITION 4.2. E, is а strongly elliptic self-adjoint differential operator of 
order 4 acting on L7". 


Proof. We clearly have 
(E, Ф, V), = (9, E. V). (8) 
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Thus E, is self-adjoint. We let the reader check that the principal part of Е, is 


4 
Bagõr — 
PEE T on дт 
in a local coordinate system. Q.E.D. 


PROPOSITION 4.3. Е, = Oo Oo + 9000 + 950, and Е, ф = 0 if and only if 
9,8, 9 = 0,9 = 0,9 = 0. 


Proof. Using Equations (5), (6), and (7) we get 


О Оо = (% до + до 90)(90 Jo + до Go) 
= 95 до 95 do + 09 95 do So + д Jo Io do + 9o до до 90 
= 95 900000 + 09 Co Go Jo + 9509 9, б + 9509 99 до. 


This proves the first statement. For the second statement we use the obvious 
inequality 


(E p, 9) = 18,9, oll? + dol? + lolt. Q.E.D. 
As before, let Fr’ = {ф|Е,ф= 0, gogel}. Let Е,:17° > Fp be 
orthogonal projection to F; апа С, be the Green's operator, so 


V = EG, + Fw. 


PROPOSITION 4.4. Zi? = 0,0,L; ^ Ф Fr, where ® means orthogonal 
direct sum. 


Proof. If oe F, then d,o =0. If y €0,0,L7 | 5! then, dio =0 
since d, 0, 0, = (д, + 0,)0,0, = 0. Thus 0,0, L; |? ^! + Е € Zi. The sum is 
orthogonal since 

(0, д, Ф, П), = (0, 9, 9, n), =0 


for q e Fi”. 
Next take y є Zi". Then 


y = Е, С, № + Е, у = 0,0,9 + 9, p + 9,7 +, 
where у = Ё, у. Since d, y = 0 
d,(9, В + 9,7) = 0. (9) 


Let o = 9,6 + 9, у. Then oe Ly” апа д, : 17° > D 15,0, : L^  L55* 5, so 
0,0 = 0,06 = 0. We claim с = 0. For 


(c, с), = (8, В 2 9,7, с), = (p, 0, с), RS (у, д, 0), = 0. 
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Thus ø = 0. Hence y = 0,0,« + n, and 
Zheng uq E Q.E.D. 


LEMMA 4.1. dim F}! > b? — 249? where b? is the second Betti number of 
M,. 


Proof. 
Fit 2 ZI 9 0, 19, 
Since 
QU Sal oz; 
| aH ry . {Za dL, 
dim E = dim( Zi С^ д) = tim( 77) 
By de Rham’s theorem b? = dim (2/4, L]). We claim there is the following 
exact sequence 
Zi uL Zi, «ZW LG? 
> ——— + ——— 
d, L? d, L} д, L? ж oo 
We must define л, and check that it has the correct kernel. Let y є 2, ‚4, № 


0 where у — 020 4- т 4 9, Then 4 = 0 yields 3,y°? = 9,2" 
So ме can тар y to y^? + 0%? e 220 + Z7. Let y ed, L]. Then 


у= dlg? + 9^) —8,9 7 + 09. 


0 ——— 


0. 


This correspondence induces the map z,. To compute ker л,, suppose z, y = 
y^? + yor? = 0,09 + 6,t°'. Then 


V __ а (о! ale 19:1) Z É = yl! _ 00 __ дото"! а cu 
where č is of type (1, 1) Then 
d,6C — d,y = 0. 


Thus ё e Zj’' and this yields y e d, L} + Zj;'. This exact sequence implies 


| Zita Я. | 2 79,2 
b? – dim( 772. < dim( 5 p ; + dim( s 16 ^ud 
tet t“~“t 


But Dolbeault’s theorem implies 


70° 
dim( ^; = dim H*(M, 0) = n9? 
Ot ^ 


t 


zi 
hp»? = h2° = tim( 72.) 


and 


Thus dim F}! > b? – 2002. ОЕР. 
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LEMMA 4.2. dim F}! = dim Fè’? for small |4. 


Proof. Let us compute dim F}’!. We claim 
Fi! zHPUxHW(M,,Q!. (10) 
We use (5) and Proposition 4.3 for the proof of (10). Since 


(Eo 9, 9) = Do el^ + llo ell? + [д ФІ, 


Eg 9 = 0 implies [o = 0. Conversely if Оф = 0, then дф = 0 = 959; 
and 0,9 = 0 so 05 9 = 9,9 = 0. Thus E, 9 = 0. This proves (10). Hence, 


dim Få! = hj. 
Recall that on a Káhler manifold 
b? = hor? + hot + ho? 
= hi! + 2h9?. 


Thus, 
dim FẸ! = b? — 2892, 


By the upper semicontinuity of dim ЕР”, 
dim FF! < dim Fèt, — for|t| <e. 


Also by upper semicontinuity of dim НО”, 
02 < 02 | for |t| <e. 
Thus, 
dim F}! > dim F}! > b? — 2802 > р? — ho? = dim Е. QED. 


COROLLARY. F, depends differentiably on t. 


Proof. Use Proposition 4.5. 


Now we shall finish the proof of Theorem 4.6. We have 


о, = і У gag(z, t) dz" ^ 42°, 
a, B 


which depends differentiably on t and о, is a Kühler form M,. Hence, 
dw, = 0. In fact, if the reader will consult Chapter 3, Section 5 he will find 
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we proved that cog € Hy! = Ft. Thus Кушу = оо. Since y, F,o, 
depends differentiably on t, y, > о, as t 0. The form o, is of type (1, 1) 
and satisfies 0, V, = д, V, = 0 so dy, = 0. Let 


O, = (у, zu ý). 


Then à, is a closed (1, 1)-form which is positive definite for small і since 
Q = Wo is positive definite. Thus à, is a Kahler form on M, for small |t]. 
Q.E.D. 
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Errata 


Page v, line 9: "lines fundles" should read "line bundles". 
Page 1, line —9: ск...к„ should read c;,.. &,,. 

Page 2, line 1 after the figure: There should be a comma between |w,| 
and 1. 

Page 2, line —5: € should read C. 

Page 3, lines 9, 11, and 13: cy, --- kn should read cx,...4,,- 

Page 3, line —3: ðZ, should read 02,,. 

Page 4, line —13: 1 < v € n should read 1 € v < n. 

Page 7, line —15: 2“(р) should read z” (p). 

Page 10, line 16: 3777 12 should read Y" 1! 12 = 1. 

Page 10, line 21: v = 1,2 should read v = 1,2. 

Page 12, line 12: P! should read Pt. 

Page 12, line —5: p € G should read g € G. 

Page 13, line 2: Fm+s should be Fm+1- 

Page 13, line 2: gm should read g, twice. 

Page 18, line 10: Im w — 0 should read Im w » 0. 

Page 19, first line of the diagram: i should be 7. 

Page 26, line 5: 20" should read 27. 

Page 32, line 13: тш,...„ should be replaced with (Кт)... 
Page 33, line —9: Omit the first Y (in the subscript of П). Replace 
the second script Y with Y. 

Page 33, line —5: Replace the first occurrence of ny, with Ir». 
Page 35, line 11: Replace all occurrences of S with 6 

Page 38, line 5: 74e should be 1, . 

Page 39, line —10: Mo should be Mg. 

Page 41, lines З and 4: > 1 should be > 1. 

Page 42, line 10: zı should be 22. 

Page 43, line —6: 02, should be дс. 

Page 44, line 10: —mg1o21b1o should be bio — mg1oz1. 


Page 55: Add the map Ф to the top arrow of the diagram. 
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ERRATA 


Page 58, lines —13 and —6: € c? should be € C?. 

Page 61, line 3 after the diagram: hy should be ky. 

Page 64, line —13: n > z should read n > 2. 

Page 64, line —6: f;,(z) = should read fik(z) =. 

Page 80, line —3: There should be a space after the comma between 
p and q. 

Page 81, lines 12 and 13: There should be a comma after 0; “The” 
should be “the”. 

Page 85, line —11: The last term in this equation should read 

25a 3S y dz^ ^ dz?. 

Page 85, line —2: dz, should read dz®. 

Page 86, line 10: 25 / gjag should read 2» / 95,5. 

Page 87, line —4: The second z in this equation is missing a sub- 
script j. i | 

Page 93, line —13: yj^»P« should be y ^»P«; u1 should be u. 

Page 93, line —9: A, should be A, both times. 

Page 93, line —7: The first B in this equation should NOT have a 
bar. 

Page 95, line —5: pA жр should read y ^ ж. 

Page 95, last line: The left-hand side of the last equation on this line 
should read dw = instead of vy. 

Page 100, line —10: The second equation on this line should read 
9f, (z) = 0. 

Page 108, line 12: omit the bar over дһ. 

Page 112, line —7: Proposition 5.4 should read “In the Kahler case 


Page 118, line 5: The last factor in the subscript of the R in the 
right-hand side of the equation should be v. 

Page 118, line 9: The subscript on the last R should be ВРА. 

Page 120, line —4: В; should be f. 

Page 120, last line: (7); should be (7). 

Page 124, line 10: x should be +. 

Page 126: line 5: B, should be B,; the term involving р after the 


; В, 

summation sign should be pjg, · 9; *. 

Page 126. lines 11, 12, and 13: All superscripts B, should be B,; in 
line 13 there should be a bar over the entire expression Map 


